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I. Introduction. 

This lecture i s  a continuation of Dolgacev's ones on surfa- 

ces with q=p =0, ana considers those minimal models of such suy 
g 

faces for  which g2=2 (numerical Carnpedelli surfaces) and those 

for which K ~ = I  (numerical Godeaux surfaces): they are of general 

type by c lass i f ica t ion  of surfaces. 
The Plain Theorem of [I] ( t o  which we will r e f e r  a s  ~ c N ]  ) 

asserted among other things that  fo r  a minimal surface of general 

type, 3 mX denoting the rat ional  map associated t o  the complete 

l inear  system I mKS 1 , 9 mK is  birat ional ,  f o r  m , 3 ,  with th_e 

se exceptions 

* This seminar is an e-%position of joint  work of E .  Bombieri- 
F. Catanese, 

(**) This author i s  a member of G.N.S.A.G.A. of C.N.R.. 



2 a) K 1 ,  pg=2 , 1 ~ 4 . 3  
2 b) K =2, pg=3 , -3 and, possibly, 

c )  A 1 .  Pg=O , w . 3  , K 2 =2 , pg=O , -3 . 
~t was l a t e r  shown tha t  the exceptions of c )  don't r ea l ly  oc_ 

2 cur: the case K =l . pg=O ms? was proven by ~ombie r i  (unpubli- 

shed) and subsequently by us along a simpler l i n e  of proof ([4]), 

the case K ~ = I  =0, m=3 by Miyaoka f61 and subsequently by Kuli- 
Pg 

kov and us (along a different  l i n e  of proof, unpublished), the 
2 case K =2,pg=0, m=3, by P e t r s  ( [lq ) i n  the part icular  case of 

a Campedelli double plane, i n  the general one by us ([3]) and 12 
t e r ,  independently by X . Benveniste (.mpublished). 

The main goal of t h i s  lecture is  by one side t o  prove these 

r e s u l t s  i n  the simplest fashion and by the other one t o  exhibit  

the application of some new lemmas (of [3] ) which allow one t o  

handle reducible curves i n  nearly the same way than non singular 

ones. We w i l l  give- our proof fo r  the f i r s t  case, for  the second 

we w i l l  give the main s teps ( i n  which our d i f f e r s  from Miyaoka's 

proof): f o r  numerical Campedelli surfaces, f i na l ly ,  we remmk 

tha t  the proof appearing here is  a combination of our with an ar_ 

gument of Benveniste's proof. 

11. Some auxi l iary resu l t s .  

Lemma 1.  On a surface S 

there is only a f i n i t e  nwnber 

K*C f 1. 

Proof. Observe tha t  i f  - 

2 of general type with K ( 2, q=O 

of irreducible curves C with 

2 c < 0 C i s  isolated i n  i ts  c l a s s  

of numerical equivalence, hence i n  t h i s  case i t  suff ices  t o  show 

tha t  the number of such classes is f i n i t e .  Here ve use the index 



theorem ( [9] page 1 28) t o  the e f fec t  tha t  on the subspace of nu- 

merical c lasses  orthogonal t o  K the intersect ion form is  negat i  
ve definite:  i P  K.C=O c2= -2 (as  c2 < 0 and KC + c2= 
= 2 p(C)-2 5 -2) a d  the number of such classes  is f i n i t e  (more- 

over such curves are numerically independent, see [53 pag. 177, 
2 [c.M.~ pag. 174-5). If K*C=I , then (K-(K )c) is orthogonal t o  

2 2 2 2 2  2 
K,  hence 0, (K-(K )C) = K ( ( K  )C -1) and so C ( I/$; however 

2p (~ ) -2  = I + C? -2 implies c2 OM, C% - - 3 , so ~2 < o un_ 
2 2 l e s s  only i f  it is  K =I r C =I , K homologous t o  C . 

Note tha t  (K- ( K ~ ) c )  belongs t o  a numerical c lass  orthogo- 

na l  t o  K with self intersect ion bounded from below by -14, hence 

can belong only to  a f i n i t e  number of classes,  and the same then 

occurs for  C ; f i na l ly  i f  C is homologous t o  K ~O(U~(C) )=I  
(compare [67 or Dolgacevvs lecture) ,  and,the surface being regu- 

la r ,  there is a f i n i t e  number of such curves. 
Q.E.De 

We re fe r  t o  [3] f o r  the proof of the following lemmas 

A , B , B '  

Lemma Ae Let C be a positive divisor on a smooth surface 

S ,  2 an invert ible  sheaf on C with ho(C, 2) 5 1 : then e i the r  

i )  there ex i s t s  a section S not vanishing ident ical ly  on 

any component of C , and degc oe 2 0, equality holding 
i f f  2 = OC 

or 

i i )  there ex i s t s  a section o, C1 ,C2 > 0 such tha t  

c & ~ +  c2$ a - 0  but o JCt$O i f  C 1 c C 1 f C , a n d  lcl= 



Lemma B. If r is  an irreducible Gorenstein curve and - 
l w , ~  # $ , then / w , I  has no base points. 

r4ore generally a reduced point p of a curve C on a smoth 

xzrface is not a base point of IwC 1 if ei ther  

i )  p is simple on C and belongs t o  a component with 

P(P) 2 1 

or 

i i )  p is  singular and f o r  evexy decomposition C& + C 1 2  

(ci > 0) one has Cl *C2 > (cl =c* )~=  intersection mul- 

t i p l i c i t y  of C, , C2 at p . 
Remark. If C is given by two e l l i p t i c  curves meeting tral?, 

sversal ly  a t  a point p , p is a base point of I wC I , and i n  
f a c t  condition i i )  is violated; however i f  C is given by more 
than three l i nes  i n  the projective plane a l l  meeting i n  the. same 

point p , condition i i )  is violated but p is  not a base point. 

On a numerical Godeaux surface i f  E is  a torsion c lass .#  - c , 
(D, denoting the unique curve o f% I I+ E I ) ,  C=DE + DWE has 

b r ~ ~  n D-, a s  a base point of I w , and infact  DE OD =l = 
C -6 

= ( D ~ * D - ~ ) ~  (compare Dolgacev's lecture and the following of 

t h i s ) .  

Lemma B' . I f  p is a reduced singular point of a curve C - 
lying on a smooth surface, denote by mP the maximal ideal  of 

p i n  C,  and l e t  x:: - C be a normalization of C a t  p . 
Then ~ o r n ( n  , uC ) can be embedded i n  the r ing  A of regular 

P *P 
functions of a t  x-' (p)  . 



Lemma 2 (x. ~enven i s t e l .  Let S be a numerical Campedelli 

surface and m a positive integer: then the family 5,  of i r re -  

ducible curves E such tha t  I - E  5 m and 1 E 1 = {EJ is a f i n i t e  

one. 

ProoP. If E E% , h2(E)=h0(~-~). h L ( ~ ) = 0 .  hence R.R. gi- 
2 ves I +  ( ~ ~ - r s )  = 2 (b (~) )  5 1 ,  so -(#.) E Associate 

t o  E E 3, the following numerical c l a s s  orthogonal t o  I: 

4, = a - ( x ~ E ) x .  
Here, a s  i n  lemma 1 , we use the inaex theorem t o  infer  

2 2 2 YE ( 0. But C E  = ZE* aE = 4E2- Z(K*E) . and t h i s ,  together 

with the already used inequality E? - XE - 2 , gives the re- 

s u l t  tha t  g g 1_ - z(K*E)'- 8 - 4K-E > - -(8+4m+2m2) ; i n  turn t h i s  

implies tha t  $B may belong only t o  a f i n i t e  s e t  of numerical 

classes. 

Suppose now $ - 6 : i f  we prove tha t  then e i ther  
2 

El- E o r  E wK+E we are done (the surface being regular each 
2 1 2  

c l a s s  can be given by a t  most 2m such curves where m is the 

order of the torsion subgroup T of P ~ c ( s ) ) .  

can be read as  2 ( ~ ,  - E ~ ) - ( K E ~  -KE2)x and we can 
2 

asswne F =KE -KE > 0 ; more over F i s  an even number, because' 1 2  
~ ( K * E ~ ) = ~ ( E ~ - E ~ ) * E  ( r  odd would imply K*E,.K*E2 t o  be even, i 

which i s  obviously absurd). 
2 This equality,  i n  turn, when i=l, can be read a s  2E1 = 

= 2E E + r K*E1 and the f a c t  tha t  El * E g  0 1 2  



2 (#) El 5 XE1 soon imply , P i ~ l l y  Z ( E ~  -E*)-~K 

111. Bira t iona l i ty  of $ 4K f o r  a numerical Godeaux surface. 

Let S be a numerical Godeaux surface ( a  minimal model, a s  

we always assume). We r e c a l l  tha t  fo r  any S of general type, 
1 

and m ,  2 pm=h0(6(mr)) = 5 IU(R-I)K*+ ~ ( 0 )  (C5J pag. 184,Ec.q 

pag. 1 8 5 ) ~  so t ha t  i n  t h i s  case p2=2, p 3 4 ,  p4=7. 

Take U t o  be the Zariski open set whose complement is gi- 

ven by the  union of the curves D such tha t  K *D 5 1 , with the 

locus of base points of \ 2K I and of singular points of curves 

C G 12~~1. 

Remark indeed tha t  r e s t r i c t ed  t o  U i s  a regular .map, 

then we claim 

Theorem 1 . is an in jec t ive  morphism. 

Proof. Suppose t ha t  x,y are  two points of U such that  

g 4 K ( ~ )  P (y) ; by our choice of 0. arc may choose a curve 
4K 

D e \ 2 ~ \  sot. y # D ,  and the unique curve ~ ~ 1 2 ~ 1  s.t. x E C: 

now C+D is a curve of 1 4 K  j passing through x, hence y E C , 
and x,y are simple points  of C . 

Given a sheaf 3 , denote by 3 (-x)= 3m. (where nx is 
the  idea l  sheaf of the point x) , and by Mx the sheaf suppor- 



0 

t ed  a t  x with s ta lk  M . We obtain that  H (c, O ~ ( K ) ) = ~  by 

the exact sequence 0 4 - K K 0 to- 

1 gether with the vanishing of H ( bS (-K) ) ( t h i s  is by the vani- 

shing theorem of EIwnford, C8 1 , asser t ing tha t  i f  is an i n v e  

t i b l e  s h e d  such tha t  for  large n 2 is  spanned by global s= 

ct ions and has three algebraically independat sections, then 

HI ( 2 "  )=o : it can be applied t o  bS(mK) , m 2 1 , and f o r  l a t e  

use ue observe that  by duality also gives hi( 6 S ( ~ ) ) = ~  for? 

i 5 1  , m 2 2 ) .  

?7e w i l I  derive a contradiction by shoving tha t  6 C ( ~ )  is 
isomorphic t o  6 (x+Y) . 

Consider fo r  t h i s  the following exact sequences: 

Then from the i r  cohomology ' sequences one gets  
1 

I =hl ( bS (4~-x-Y) )=h ( bC (4~-X-y) ) , and by Serre dual i ty  on the 

curve C h 0 ( c , z ) = l  , where b = oC @ O ~ ( ~ K - X - ~ ) - ~ =  O ~ ( X + ~ - K ) .  

IrTe a re  ready t o  apply lemma A , a f t e r  observing tha t  

degc< = 2-K *C-0 ; then i f  i )  occurs d? E 6,. what we wanted 

t o  show. Case i i )  cannot occur: in fac t  one would have C=C,+C2 , 
cl -C2 2 deg b @ 2 = -KC2+ (number of points of C2 n p .y ) )  . 

C2 

~ u t  by our choice of u , i f  x, o r  y ~ c ~ ,  then 

KC 2 2, so i n  any case C1 *C2 should be non positive,  and t h i s  
2 

contradicts the following r e su l t  of Bonbieri about connectedness 

of divisors homologous t o  pluricanonical divisors ( fc.1.1.I pag. 

181) : i f  D - -mK , m L  1 and DS1- tD2 ,  Di > 0 , then 

Dl *D2 >_ 2 , except when ~ ~ 4 ,  k 2  but then Dl*2-K. 

Q 3 - D .  



IV. Birat ional i ty  of @ f o r  a nwer i ca l  Campedelli surface. 
3K - 

By the just  quoted formula here p2=3 , p3=7. 

From now on we suppose tha t  x,y are two points such tha t  

$ 3 K ( ~ )  = @3r(Y): as p2=3 there ex i s t s  a curve C E \ 2K 1 contai  

ning them both. 

Proof, The cohomology sequences of - 

0 -7\6,(31-C) -) Os(3K-~-~) -2 o c ( 3 ~ - ~ - y )  --) 0 
\ \ I  
K 

1 2 give h (bC(3~-x-y))  = h'(C?S(3~-x-y)) + h (6(1)) = 1+1 . as 

P r o ~ o s i t i o n  4. For general x,  y , and C E 1 25-x-y 1 , x 

and y are  simple points of the curve C which is hyperelliptic 

having %= bC(x+y) as its hyperelliptic invert ible  shed .  

Proof. The second part  of the statement is an easy conse- 

quence of the f i r s t  par t ,  ledma 3 plus Serre dual i ty  on C , the 

f i r s t  w i l l  be proven i n  two steps.  

Step I: x belongs t o  only one irreducible component of C , 
the same holds f o r  y . 

In f a c t  i f ,  say, x belongs t o  two components r . r2 of 

C , by lemma I 8 .  Pi >_ 2, hence is equal t o  2. and by lermna 2 



h O ( b S (  pi))  )-- 2. m i t e  C= fl + r2 + F (K*F=o) and consider 

that  r E r2. I n  f ac t  i f  r; is  an irreducible curve E 1 rl / 
there ex is t  by the previous remark r;, r; E ) r21 such tha t  

r l+ Y i  =r ;  +r; , and so r;= r; + H;, r;=r, +H, , 
t 1 

HI 3 H, , HI *K 3 0 ; but t h i s  implies HI =HI and so H would I 

I f  it were rl # r * would be a base point of 1 f l  ] , 
which cannot hold for  genwal x (the numerical c l a s s  of rl can 

range i n  a f i n i t e  s e t )  ; while i f  it were r = r' one could 

take, by what has just been said,  a curve r; E 1 r3 1 not passing 

t&bugh x , and then consider C1= r, + + P . 
Step 11: x and y are  simple points of C . 

For t h i s  we can use lemma 3 and Grothendieck dual i ty  t o  in- 
fer tha t  dim h. ~om(W~7'R~. bC)=2. Taking ? a normalization of 

C a t  x,y we observe that by s tep I i s  connected exactly 

as  C , hence by Ramanujaml s r e su l t  ([I 11 , lemma 3) h0(6_)=1 . 
C 

we can apply lemma B' : x,y both singular would imply h0(0_)2 
C 

2 2, a contradiction, while if however x is simple, y s i n e  

l a r ,  one gets  h0 ( ~ _ ( x ) ) = 2  so x belongs t o  a rat ional  curve; 
C 

S being of general type, t h i s  cannot occur fo r  general x . 
Q.E.D. 

mom now on we suppose C E 1 2K-x-y 1 t o  s a t i s fy  the requi- 

rements of proposition 4. 



- 636 Lemma 5 ,  w = hC 

Proof. If S, , . . .S are s i x  d i s t i nc t  general sections of 
6 

H~(c,%) and div(Si) = ai+bi , one has that a section oE 

A'(%) vanishing a t  a,, ... a vanishes a t  b, , *,b6 too. 
6 

Q . E e D e  

W e  can pass now t o  the proof OF 

Theorem 2. For a wwnerical Campedelli surface 

is a birat ional  map. 

Proof. Consider @ : S - 6 - IP : V = @ ( s )  i s  nct containeZI 
i n  an./ hyperplane so that  d = deg V t 5 . 
V i s  not a curve, otherwise t h e  general element oP 1 3K f would 

be decomposable i n  more than d elements, while we kllow that t h e  

curves D w i t h  K e n  5 ?, are a Fini te  number. 

By Theorem 5.1 of 123 (also [7J Th. A >  we know t h a t  13I 1 
2 has no base points,  hence i f  m=deg @ , dm = ( 3 ~ )  = 1 8. 

W e  must then prove that it  is  impossible tc have e i ther  

d e g $ = 2  or d e g @ = 3 .  

Case I, deg @ = 2 
7 

There is  defined on S a birat ional  involution o such 

tha t  y=cr(x) i f  @ (x) = @ (y) ; S being a m i i i i m a l  modei a 

is  an automorphism, hence o*(O (K)) = 6 (K! , 
Rernak tha t  o(C) = C: i n  fac t  i f  a i s  a general po i r~ t  

of C ,  and b is  the point of' C s-t b6(a4-b)~  hC I - 
9 (a) = (b) (by lemma 5 ) .  



The exact sequence 0 -4 H'(G(-X) I-> H' (~ (K)  ) --) 

-+ H' ( b , ( x )  ) --+ o implies hO( OG(K)) = 0 . which is impass& 

ble by vi r tue  oP the following. 

" $32 Lemma 6. C p )  = -- 

Proof of the lemma. By lemma 5 bC(3K)*. h: so it suPPices 

t o  prove tha t ,  for instance, b C ( 8 ~ ) 3 :  . But 1 4K ( has no 

base points,  and we may pick up S 6 H'( DS(4K)) with 16 simple 

zeros on c , a?, ... a 
16' 

Tnen G*s has 16 simple zeros too, 

=(a, ) , . . .o(aI6) , therefore oX(S) *S 1 is a section of OC(8r )  
C 

whose divisor i s  l inear ly  equivalent t o  h @ 16 
c 

Q.E.D. 

Case 11: deg @ =  3.  

- 
Let a be a general point of C , and a be such tha t  

a+; s lhC I :  $ ( a )  = <f! (a , and the t h i r d  point a' with the same 
image under $ cannot l ie  on C . S e t  N= @ (c) : then 

Q -' {c)=c U N' and N' is a ra t iona l  curve ( there  is a bira- 

t iona l  map from NP=locus {a'] and I h C l " ~ ' ) .  So S contains 

a continuous family of ra t iona l  curves, which is though absurd. 

Q.E.D. 

V. g i r a t i ona l i t y  of fo r  a numerical Godeaux surPace. 

Denote by @ = $ and by V = 9 (s) , d=deg V. 
3Ks 

Lemma 7. V is not a cwve. - 



Proof. Otherwise d would be L 3 and the moving p a r t  of - 
13K 1 would be decomposable in more than d elements, which, by 

lemma 1, have intersection with K at least 2: then one would 

have 3 K . K  2 26.2 6. 

Lemma 8. 1 3K I has no fixed part. 

See [6 3 , pag . 4 03 for the proof. 

However 1 3K 1 can have base points, and they are characte- 
rized by the following proposition, in which we denote, as in 

the following, by T = Tors (?icf s)) and by D , if E # 0 , 
E E T , the unique curve in 1 Kt E 1, 

Proposition 9. IE b is a base point of 13K I there 
exists E GT, E f - E,  such t h a t  c=D~+ D - ~  is the unique em- 

ve in 1 2K / passing through b : moreover DE and D, E: have b 

as the unique point of transversal intersection. Conversely, if 

E f - & , DE 0 D - E  gives a base point of 1 3 ~ 1 .  

Proof. Ve recall first Niles Reid's lemma (see Dolgacev's 

lecture) which asserts that if g $ z 'are non zero torsion clas- 

ses, D and DT have no coirmon component, hence intersect 

transversally in only one point. 

Take C E 1 2 ~  1 such that b E C : then bC ( 3 ~  )g uC and b is 

a base point of ( uC 1 (because h1 ( 0 (K) )=o, so 13~1 lC= 1 wC / ) . 
2p(c)-2 = (c+K) *C=6 =) p(c)=4 and by lemma B C must be reducL 

ble; moreover if P is a component of C containing b, 

K *  P 2 1 ( K  * f =O 3 P is rational non siagulzr,kwe mat every sg 

ction of 6 (31), as it vanishes at b , vanishes on the whole 
of f" : this would contradict lemma 8) ,  so tha.t b belongs to 

at most two cozponents. Thea pick up an irreducible component 



Po of C such tha t ,  i f  C= Po+Co, b belongs t o  one and only 

one component of coo  Consider the exact sequence: 

o -> e ( K +  Po) --j6(31) 3 0  ( 3 ~ )  ->a . c, 
By Se r r e l s  duality h i ( 6 ( &  P , ) ) = ~ ~ ) - ~ ( O ( -  Po))=O £or i=0,1 

(i=l i s  a consequence of the  exact sequence 

0 ?r6(- Po) -$ b ---? -4 0 and the  i r reduc ib i l i ty  of f ,) 

and one obtains that  b is a base point f o r  (6 (3B;) 1 . 
C, 

Then one has the exact sequence 

and, dualizing, 

F i r s t ,  b must be a simple point of C,, otherwise lemma 

B' implies ( 6  (- ) I and using Lemma A plus the al- 
Ce 

ready quoted comectedness theorem FOP pluricanonical divisor,  

6 - - P has degree 5 -1 , hence there  ex i s t s  a decomposition 
C 0 

of Co = C1+C such that  - r o * C 2  3 @,C2: however then 2 

o > - ( po+CI ) *C2, and c=( f' ,+c, )+c2 is  not numericaily m e -  

cted. The same reasoning gives the vanishing of h G ( e c  ( - P o ) ) ,  
0 

and b being simple, I+ )  amounts t o  h O ( O  (- pO+b))=l . 
c 0 

Again lemma A gives e i t he r  6 ( F ,)r 6 (b) o r  Co=C, 1-C 
Go c 0 2 

such that - Poc2+l 2 C, C2 iF b E C2 

This l a s t  i s  impossible, the other two poss ib i l i t i e s  imply 

C=G'+Cll where Cr--K-Cw, again by the connectedness theorem , 
and 6 , (c")= 6 , (b) by lemma A again. 

C C 



Finally the exact sequence 

0 -+ H'((~(c"-c'))  -4 K'(~{C"))  -) H'(o,,(c")\ -+ 0 

implies tha t  C' # C" , so C f = D S  for  a sui table  E # - E . 
Conversely, i f  b=DEA D we claim tha t  b is a base point 

1 - & 1 
f or  1 3 ~ 1 .  In f a c t  h (6 (3K-DE ) )  = h (-D )=o ( the D;S - E 
are  -4 hence numerically connected), so tha t  ( 3~ 1 I 

='E 
= 16 (3QI: then. as OD ( 3 ~ ) "  wDE@ODE(b) h l (OD ( 3 ~ ) )  = 

D& E € 

= hO( G (-b)) = 0 , so b is a base point of ( 3 K  ( , and 
='€ 

therefore of 1 3 X  1. 1 %  
Q.E.D. 

Lemma 10. If there  ex i s t s  € e T  sot. E f - C ,  then - 
1 3 8  I i s  spanned by the two l inear  subsystems D -I-12~- E 1 ,  

E 
D +12K+&\. 

- E  

Proof. Note that  by R.R. nolz zero torsion c lass  T - 
h O ( b  (2~+%))=2 ,  while p =4, hence it suff ices  t o  show tha t  

3 
these two subsystems have no common element. This is c lear ,  how- 

ever, since if one should have D + M = D, c: + M E  $ M E  - D E - E  
would be a posi t ive divisor z K ( i n  fac t  DE and DW6 have no 

common component), contradicting p =O. 
B 

C)*F,.De 

P r o ~ o s i t i o n  11.  Two general curves of f 3KI are sinple a.t 

a base point b oP 13K I , and have there a transversal inter-  

section. 

Proof. If a general curve of f 3K 1 would be singular a t  - 
b a E  0 D- , b would then be a double base point or" 13~11 = 

D. 
= b+\% j , so b would be a base point of the canonical system 

E 



of D E  ; so i f  f i s  the component oP D - t o  which b belongs 

p(f')=~ and, by Lemma A, Ds = Cl+C2, where C '  2 p ,  C;C2 5 
, . . .  ,I 

c-C (K+D - ) = 2 ~  oc =O -(as C is- made of curves E s .t . - 2  E 2 2 
K*E=O): t h i s  hovever,contradicts the numerical connectedness of 

'D . This reasoning ' te l l s  a l so  tha t  a general curve is not tan- 

gent a t  b neither t o  D , nor t o  D m S  . If b is not a ba- 

s e  point o'f 12~: i'(',- or' is -h& a base point of I 2K+ E ) , we are  

through: but in' the :contrary 'case; by lehma 1'0, b would be a 
, I .  j. . 

singular base p&nt , . ,.of . .  , .  1 3 ~ .  1 . , , vrhich . -. w e  have just  'shown t o  be 

impossible .Li. 
' Q.E.D. ' 

Denote by.? n , -  the order of the tors ion group T of S : by 

thebrem 14 of .HJ (pag . 21 4-5) n 1 6 ; moreover n=6 '=) , 

~ o r s ( ~ i c ( ~ ) ) Z  ;ILjZZ + Z 3  hence there  would ex i s t  a dou- 

ble .-amif ied cover ,p:5 4 S, with )( ( 6+2. %2, 4(g)=0 
< . .  

( [C .n .] lemma 14, pag . 21 2),  but then ?=Tors (pic  (3) ) should be 

e i ther  0 or  Z/  ([c.M~ th .15 ,  pag. 215). 
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Hence n 5 5 , and z / ~  + z / ~  ;Z cannot be the tors ion 

group, by Miles Reid's lemma '(compare ~o lgacev ;  s lecture).  

Combining these with the previous r e su l t s ,  we obtain. 

Corollary 12. There are  no in f in i t e ly  near base points i o r  

1 3 ~ 1 ,  and the number b of them i s  

0 i f  T Z 0 , Z / 2 Z  

I i f  T Z L / ~ =  . 

2 i f  T Z L / 5 T L . .  



Theorem 3.  ij is  birat ional .  

W e  r e f e r  the reader t o  [6], pag. 107-1 08 f o r  the proof of 

t h i s  last: par t .  we only remark that  one has t o  prove tha t  

m=deg 3 cannot be more than I ,  and so one must show tha t  (as 
9 = md + b , and d 2 2) the following cases cannot hold 

For case i )  i t  saCf ices  t o  consider t ha t  V,  a quadric, con 

ta ins  a pencil  sf reducible hyperplane sec t iom,  a d  by taking 

inverse images one contradicts  Lemma 1 . 
Case i i )  is managed showing tha t  V canrrot have a douole 

l i n e  (by a similar argument t o  the preceding one ), hence it is  

a normal cubic, and then tha t  there  e x i s l  a pencil  of quadrics 

cut t ing on V t he  images of curves i n  1291 : however t h i s  gives 

rise t o  a numerical contradiction. 

Final ly  case i i i )  makes d i rec t  use of the  existence of the 

divisors  D homologous t o  K {guaranteed by corollary 1 2) . 
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