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COIMJNICATIONS IN ALGEBRA, 7(7),  763-773 (1979) 

ON SEVERI'S PROOF OF THE DOUBLE POINT FORMULA 

F. Catanese 
univ.  d i  Pisa  

Harvard ~ n i v e r  s i t y*  

60. In t roduc t ion  

I n  h i s  paper [ 6 ]  - of 1902 Sever i  considers  t h e  

following s i t u a t i o n :  l e t  M - gk(=) be an i r redu-  

c i b l e  v a r i e t y  of dimension k wi th  "generic"  s ingu la r i -  

t i e s ,  i . e . ,  only a  f i n i t e  number of t r ansve r sa l  double 

po in ts ,  PI,. - - , P  ( " t r ansve r sa l "  means t h a t  l oca l ly ,  a t  
d  

each P M c o n s i s t s  of two smooth branches i n t e r sec t ing  
iJ 

t r a n s v e r s a l l y )  . 
Severi  then g ives  a  formula expressing d  i n  terms 

of  c e r t a i n  pro jec t ive  cha rac t e r s  of M: 

Here is  t h e  degree of M, and UJ i s  t h e  ith c e t o  
i 
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764 CATANESE 

of M, which can be  conveniently defined a s  follows: i f  

V --$ 8 i s  a v a r i e t y  of dimension m, t h e  mth c e t o  wm(v) 

i s  t h e  number of m-dimensional l i n e a r  subspaces tangent 

t o  V a t  smooth po in ts  which meet a general  2m-codimensional 

l i n e a r  subspace, while wi(v) i s  t h e  ith ce to  of t h e  i n t e r -  

sec t ion  of V with a general  (m-i)-codimensional l i n e a r  

subspace. During t h e  pas t  few years  t h e r e  has been a 

renewed i n t e r e s t  i n  enumerative geometry and S e v e r i ' s  

double po in t  formula has  been general ized t o  a g rea t e r  

extent  ( s e e  [g], and e spec i a l l y  [z] for  wider h i s t o r i c a l  

and b ib l iographica l  re fe rences)  : we be l i eve  hawever it 

may be i n t e r e s t i n g  t o  g ive  i n  t h i s  note an account of 

S e v e r i ' s  elementary proof,  c l a r i f y i n g  it and f i l l i n g  i n  

some d e t a i l s  skipped i n  h i s  paper [g]. 
We note t h a t  t h i s  proof works word by word i n  t h e  

case of any a lgeb ra i ca l l y  c losed f i e l d  of char .  0. 

Notations 

G ( ~ , N )  is  t h e  Grassmanian of  r-dimensional l i n e a r  sub- 

spaces of 2. 
0 i s  a genera l  point  i n  ak, wo c G(k,2k) is  t h e  

Schubert cel l  of  t h e  subspaces containing 0, 

Eo c ~ ( 1 , 2 k )  i s  defined analogously, 
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f :  M '  3 M - 8 i s  t h e  normalization of  M ( s o  t h a t  

f i s  an immersion). 

1: M 1  -j ~ ( k , 2 k )  i s  t h e  Gauss map of f .  

P!,P:' a r e  t h e  two d i s t i n c t  po in ts  i n  M '  whose image i s  P 
1 1  i ' 

2k 
9 cD a r e  two general  l i n e a r  forms on IP . 
0' 1 

S is  t h e  (2k-2)-dimensional l i n e a r  subspace defined by 

EPO = cP = 0 and H i s  t h e  hyperplane spanned by 0,s. 
1 

A is t h e  diagonal i n  MXM. 
M 

S teps  of Proof. 

1) The pro jec t ion  of M n H from 0 t o  S i s  a b i r a t i o n a l  

immersion and i t s  image g has gener ic  double po in ts .  

H 

2 )  I f  i s  t h e  number of double po in ts  of g, 26 = 2d+wk. 

k 
Theorem: Steps l), 2 )  imply t h a t  2d = n(n-1) - 1 Ui. 

i= 1 

Proof: By induct ion on k. For k = 1 we have a - 
plane curve with d nodes and of degree n: hence t h e  

equation is  a p a r t i c u l a r  case  of  t h e  f i r s t  Plticker 

formula. W e  remark then t h a t  by s t e p  1) n ( ~ )  = n(z), 

w ~ ( M )  = .,(a) s o  t h a t  t h e  induc t ive  assumption p lus  

s t e p  2 )  imply t h e  des i red  r e s u l t .  
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CATANESE 

I .  The bas i c  construct ion (k  > 1) 

Consider i n  (MXM - $) X ~ ( 1 , 2 k )  t h e  graph of t h e  

map which takes  (P ,Q)  t o  t h e  l i n e  joining them, and i ts  

c losure  A i n  (MxM) X ~ ( 1 , 2 k ) :  A is  i r r educ ib l e  of 

dimension 2k. 

Denote by p: I\ - - -+~(1 ,2k)  t h e  canonical project ion;  

set Z = p(A). 

Lemma 1: p: A 3 Z i s  gener ica l ly  a 2-1 map i f  M is  

not  contained i n  a l i n e a r  subspace of dimension kc1 

(no te  t h a t  i f  d > - 1, M i s  not contained i n  any hyperplane): 

i n  p a r t i c u l a r ,  then, Z is  i r r educ ib l e  of dimension 2k. 

Proof: I n  our hypotheses you can f i nd  k+3 poin ts  - 
of M spanning a subspace of dimension k+2, so  t h a t  a 

general  subspace L of  dimension k w i l l  be such t h a t  

L n M i s  a f i n i t e  set with t h e  property t h a t  any k+3 

poin ts  i n  it a r e  l i n e a r l y  independent (compare [ g ] ,  

chapter 11, iii), "Special  l i n e a r  systems I " ) ,  hence 

a f o r t i o r i  any l i n e  through two of them won't contain a 

t h i r d  one : t h i s  however immediately implies  our 

a s se r t i on .  
A 

Fix  a general  point  0 and denote by = p-l(%k), 
A 

by 7' i ts  inverse  image i n  M'%M1x~(1,2k),  by Y , Y '  t h e  

respec t ive  pro jec t ions  on M , M 8  , by t h e  pro jec t ions  

on MXM, M ' X M '  . 
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SEVERI'S PROOF O F  DOUBLE P O I N T  F O m A  

rCI 

Proposi t ion 2: y '  i s  smooth; 7' i s  t h e  graph of a 

b i r a t i a n a l  involu t ion  7 on y '  such t h a t  T(P;) = P" 
i ' 

We f i r s t  prove two a u x i l i a r y  lemmas: 

Lemma As Let  P be  a smooth po in t  of  M, and 0 a po in t  i n  

t h e  space T tangent  t o  M a t  P. Then P E Y and Y is  
P 

smooth a t  P i f  go is t r ansve r sa l  t o  V ( M ' )  a t  M(P) ;  

i n  t h i s  case a l s o  ( d ~ ) ~  = - I d e n t i t y .  

Proof: W e  can t a k e  a f  f i n e  coordinates  x = (x - ,rc) , - 1' 

y = (Y1, , yk) s o t h a t  P corresponds t o  t h e  o r ig in ,  y = 0 

i s  Tp, 0 i s  t h e  po in t  a t  i n f i n i t y  on t h e  xl-axis: 

(x ,  f  ( x )  ) , where f  6 w i l l  be then  a parametric 

equation of M i n  a neighborhood U of  P. Take 

coordinates  (x , z )  i n  UxU: then t h e  l i n e  through 

( x , f ( x ) ) ,  ( z , f ( z ) )  conta ins  0- x2-z2 = 0, --,\-zk = 0, 

and f h ( x )  - f h ( z )  = 0 f o r  h = 1,.**,k*x2-z2 = 0, 
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768 CATANESE 

h = l , . - . , k  
i f  a t  the  or ig in  det ( f i  afi//axr) $ 0 ( 

r = 2, .*. ,k 
1 

then it i s  eas i ly  seen by the  impl ic i t  function theorem 

t h a t  i s  smooth and x 1jZl 
can be both chosen a s  a  loca l  

coordinate (hence Y is  smooth t o o ) .  Moreover, 

2 
fh(0)(dxltdzl) = 0 tf- h + dxl = -dz a t  P. We a r e  

1 

going then t o  check the  non-vanishing of our determinant. 

I n  fac t ,  the  subspaces near Tg have parametric equations 

(w,~w+b), a0 consis ts  loca l ly  of the  submanifold defined 

by Ael = 0 ( t h e  f i r s t  column of A must vanish) ,  the  

Gauss max CI takes x t o  A = (afh/axr), b = f  : hence 

t ransversa l i ty  t o  go a t  P (P )  means t h a t  

afh/axl: U --t. i lk  has inver t ib le  d i f f e r e n t i a l  a t  

the  origin.  

1 2 
But a y a x l  , fh + 2xlfh (mod 6) so i t s  Jacobian 

matrix i s  a t  the  or ig in  

We remark f i n a l l y  t h a t  the  tangent t o  y a t  P passes 

through 0. 

Lemma B: Let P be a double point of M: then i f  0 does 

not belong t o  P ( P ' ) ,  CI (P") ,  y8 i s  smooth a t  ( P ' , P " ) ,  Y '  

is  smooth a t  P8,P", T i s  biregular  a t  P8,P". 
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Proof: W e  can t ake  a f f i n e  coordinates  - 
x = ( x  - * , x , ) ,  y = ( ~ ~ , . ~ * , y ~ )  such t h a t  P i s  t h e  

1' 

o r ig in ,  c ( ( P ' )  i s  y = 0, CI(P") i s  x = 0. The two branches 

have parametric equations (x ,  f ( x )  ) , r e spec t ive ly  (g(  y ) , y ) , 

( i  6 g E (*)k). We can a l s o  suppose 0 t o  be  t h e  
Y 

po in t  a t  i n f i n i t y  on t h e  l i n e  through P and ((1,0, .  ,0), 

(1 ,0 ,*0* ,0 ) ) ,  s o  t h a t  i n  a neighborhood of P two po in t s  

of M can be c o l l i n e a r  with 0 only i f  they l i e  i n  

d i f f e r e n t  branches. 

H 

Y '  i s  then defined l o c a l l y  by t h e  following 

equations: 

Fh = yh - fh (x )  = 0 

h = 2 , * * * , k  

Gh = xh - gh(x )  = 0 

Clear ly  a t  t h e  o r i g i n  (corresponding t o  ( P 1 , p " ) ) ,  

H 

-6 6 s o  t h a t  by t h e  imp l i c i t  function theorem Y '  
l h  l k  

is  smooth and both x l,yl can be taken a s  a l o c a l  

coordinate .  

Proof of Prop. 2: Observe t h a t  h i s  smooth ou ts ide  

A M k  : by theorem 2 of  [ l ]  (page 2 9 0 ) ,  then ? i s  
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7 70 CATANESE 

smooth t he re ,  and ( h  being t h e r e  a  graph) 7 - AM i s  

smooth. 

For general  0, go has Uk t r ansve r sa l  i n t e r sec t ions  

with M(M' ) (by [A] ) a t  ir(ol), * * ,P (Q,  ) , where Q . 4 Pi, 
k J 

hence we can apply Lemma A ,  and put t ing  together  with t h e  

above r e s u l t  and Lemma B we obta in  t h a t  i s  smooth. 

H 

Moreover Lemma 1 guarantees t h a t  t h e  project ion from Y '  

t o  Y 1  i s  b i r a t i o n a l ,  and we observe for  l a t e r  use t h a t  

t h e  Q ,  a r e  t h e  only f ixed poin ts  of 7. 
1 

Remark: Though 7' i s  smooth, y needs not t o  be so  

( a  t r i s e c a n t  through 0 cont r ibu tes  t h r e e  double po in ts  

of Y ) .  

811. Proof of t h e  main s teps .  

S tep  1 )  : For H general  M fl H is  smooth of dimension 

k-1 s o  you can f ind  0 E H such t h a t  t h e  pro jec t ion  of 

M '1 0 with cen te r  0 is  a  b i r a t i o n a l  immersion and i ts  

image has  "generic" s i n g u l a r i t i e s .   h his is  wel l  

known, see  e.g. [ j ] ) .  

1 
Step 1+$ : For general  0, Y, you can f ind  H a 

general  hyperplane containing 0 such t h a t  

i) H i n t e r s e c t s  Y t r ansve r sa l l y  i n  deg y d i s t i n c t  

smooth points  R * * *  R 1' ' d e g y '  
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ii) H contains no Qi (so you can suppose deg Y = 2m 

and T ( R ~ )  = RmCi for i 5 m). 

iii) H,O satisfy the requirements of step 1). 

To check i), ii), one needs to consider that only W k 

tangents of Y pass through 0, so that the hyperplanes 

containing 0 and not satisfying i), ii) form a 

(2k-2)-dimensional subvariety. 

Now for S a general (2k-2)-dimensional linear 

subspace of H the projection n: H-{o] -9 S is such 

that = t r ( ~ n ~ )  has double points corresponding to the 

N 

pairs {R~,T(R.)~ in H n Y, hence m = d. 
1 

Step 2): Take Oo a linear form vanishing on H, (P1 

a general one, S defined by e0 = (P1 = 0. We will have 

2% 1 
Y n s = $b and (POJ(P1) defines a morphism g: IP -S --SIP , 

and naturally 

(g-f,g-f): (MI-f-'(~)) x (MI-f-l(s)) 3 IP1 X d; 
N 

denote by * its restriction to 71, by D = * ( Y ' ) ,  by A 

the diagonal in 1P x 2. 
Because O,P,T(P) are collinear, it is clear that 

g(P) = g ( ~ ( ~ ) )  iff either P = T(P) or P H, hence 

*-'(A) consists of the pairs (R i ~(R~)),(P!,P~'),(P~,P~), 
J ;I 
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772 CATANESE 

Assertion: For genera l  v', * i s  t r ansve r sa l  t o  A, 

A s  a f i r s t  consequence of  t h i s  we g e t  t h a t  

( ( Q i Q i ) )  = (Qi,ai) s o  t h a t  i s  b i r a t i o n a l ,  hence D 

N. CU 

has bidegree (2d,2d) : i n  f a c t ,  i f  (llO,Y1) , t h e  

i n t e r s e c t i o n s  of D with (po ,p1 )x3  correspond then t o  

t h e  po in ts  of y i n  t h e  hyperplane w190-~09)1 = 0, and a r e  

then  2: = deg y, and moreover D is  c l e a r l y  symmetric i n  
H dd. A s  a second consequence D* A = 2d + 26 + Uk: 

bu t ,  having computed t h e  bidegree of D, we know a l s o  

t h a t  D-A = 42, hence we i n f e r  t h a t  2x = 2d + U k ' 

Proof of t h e  a s se r t i on :  By Lemma A , B ,  we must prove 

t h a t  g has  maximal rank a t  each Q ., a t  each R .  and P 
J J h 

g * f  and g o f e r  have not t h e  same d i f f e r e n t i a l ,  t h e  Q . I s  
3 

have a l l  d i s t i n c t  images. 

I f  P i s  any of t he se  points ,  t ake  a nonzero tangent  

vector  tp of Y '  a t  P and pick a hyperplane H1 i n  P~~ not  

containing f ( P )  f o r  any of t he se  points :  then on gk-I5' 

choose a f f i n e  coordinates  ( z  * * * , z ~ ~ )  such that 
1' 
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SEVERI'S PROOF OF DOUBLE POINT FORMULA 773 

You can then iden t i fy  f ( P ) , d f ( t p )  t o  a point and an 

applied vector a t  it i n  t h i s  a f f i n e  space, and i f  

f ( ~ )  = ~ ( T P ) ,  d f ( t p )  $ d ( f  0 7 )  (tp) : what we want then i s  

t h a t  g must separate a f i n i t e  number of points  (including 

the  ve r t i ces  of the  applied vectors) ,  for  which zl $ 0, 

and t h i s  can c l e a r l y  be achieved for  general a 's. i 
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