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Introduction

From the theory of double covers of P3 (‘double solids’, see {4]), and from the
problem of classification of vector bundles on P3, new interest has arisen about the
problem of the existence and the construction of surfaces in IP3 of a given degree n
having a certain number d of nodes as the only singularities. Our main result is the
construction, for each 1 =d =64, of sextic surfaces with exactly d nodes.

In this note we restrict ourselves to consider surfaces with a trihedral symmetry,
i.e. surfaces G whose equation can be written, in a suitable coordinate system, as
F(x%,xf,x%,x%): it is a beautiful idea of B. Segre [8] to relate the singularities of G
with those of F and with the analysis of the position of the coordinate tetrahedron
with respect to F.

Segre chose for F the symmetric (four-nodal) cubic and a particular tetrahedron
to construct a G with 63 nodes: here we use different specializations of the tetra-
hedron in order to get any 4 with 32 =d <64, and other nodal cubics for 1 =d<31.

Also, we show that 64 is the maximum allowed for trihedral sextics. In this
respect, if one denotes by u(n) the maximum value of d for which there exists a
surface of degree n with d nodes, then u(n) is known only for n<5 (u(5)=31 has
been proven recently by Beauville [2]), and for larger values of n only some lower
and upper bounds for u(n) are known (see [10, 8, 2] for an history of the problem).

For sextics, Basset’s bound [1] gives u(6) <66, while Segre’s bound {8] u(6) <63
and Stagnaro’s bound [9] u(6)=<65 are valid only under some generality
assumptions; moreover, a sextic with 64 nodes has been constructed by Stagnaro by
a different method (see [9], also for more references), no one is known for d=65.

This note is divided into two parts: in Section 1 we study the geometry of the
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symmetric cubic surface D, which is related to its duality with the Steiner surface,
and in particular we give a geometric construction for the inverse of the birational
map y : P2—D; given by the web of cubic curves passing through the vertices of a
complete quadrilateral; in Section 2 we apply these results considering the trihedral
sextics.

1. The symmetric (four-nodal) cubic surface D

Let (z) = (29, 21, 22, 23) be homogeneous coordinates in P3, then D is given by the
equation

ZJZ 2081228 _

i=0 r4

g3(2) =

The four nodes of D are e;, e;,e,,e3=(1,0,0,0),...,(0,0,0, 1) and D contains exactly
9 lines: the 6 lines /; = (e; e;) joining pairs of nodes, and the 3 lines in which the

- . _ 3 - . - _ _ _
plane 7 of equation ¢,(z)=Y;.0z;=0 intersects D, L,={zp+2,=2,+2;=0}, /,=

Fig. 1. The 9 lines on D and their intersection points.
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{zo+2z,=2,+2;=0}, ly={20+23=2,+2,=0}. Denote further by P; the point of
intersection of /; and [/, ie. Pp=(1,-1,-11), Pyp=(,-11,-1), Py=
(4L, 1,-1,-D.

Let (x)=(xg, X1, X2) be homogeneous coordinates in P2, set for convenience x;=
Xo+ X +X,, and consider the quadrilateral whose sides are the lines L, of equation
x;=0. The diagonals E; (k=0,1,2) of the quadrilateral have equation x;—x;=0,
and, if g;=L;NL;, E; joins g3 with g;; for (i, j, k) a permutation of (0, 1, 2).

The map y: P2—P3 such that w(x) = (x,x,x3, X0X2X3, XoX X3, —XoX 1 X3) gives the
birational correspondence between P? and D associated to the system of plane
cubics passing through the g;/s. Clearly w(E,) =/, w blows up g;; to the line /;;, and
contracts L; to the node e;, w " '(A)=Ey+ E,+ E;.

Proposition 1. Let n be a plane in P3 not passing through the nodes of D. Then n is
simply tangent to D in 0<n<3 points, n=3 occurring iff n=#%, and n=2 iff n
contains one of the lines I.

Proof. Remark first that the inverse image of a plane n containing /, consists of
E;+ C, where C is a conic passing through g3, 3, g, g C is smooth unless it

~
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Fig. 2. The complete quadrilateral in P2, its diagonals and vertices.
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equals E;+E;, L3+L;, L;+L; (the corresponding planes are then #, the plane
passing doubly through /3, the one passing doubly through /;). C moves in the
pencil generated by L3+ Ly, L;+ L;: since these two conics are tangent to E,, if Cis
smooth it is not tangent to E,.

To prove the last part of the statement we notice that any reducible cubic in the
linear system contains either one side or one diagonal of the quadrilateral.

To prove the first part, we will show that the planes 7;;= (/;;, /) (intersecting D in
I+ 21) (where either (i, j, k) is a permutation of (0, 1,2) or j=3 and i =k #3) are the
only planes = which are tangent to D at a smooth point p where the plane section
7 - D has a non-ordinary singularity.

In fact, the parabolic curve of D (the locus of such points p) is the complete
intersection of D with its Hessian surface H, of degree 4. So it suffices to prove that
H is tangent to D along each /;; since n;;is tangent to D along /;;, this is equivalent to
showing H - m;=2/;;+ ---.

Now 7, is defined by z; + 2, =0 ((i, /, &, #) being a permutation of (0, 1,2, 3)), and /;;
in it is defined by z,=0. Assume for simplicity k=0, 2= 1: then, mod(z,+ z,),

0 0 -2, 2+
0 33—, L3+

H=det
-2 33—z O L+ 23

L1+ 23+3 Z+z3 O

which equals by adding and subtracting the last two rows and columns

0 0 ¥4 1)
0 0 3 Z
4 det
Z; 73 ¥za+zy) O
0z 0 - $(z2+23)

and is therefore divisible by (z,)2

Let V be a surface in P3, V* its dual variety (the closure in P3+ of the locus of
planes tangent to ¥ at smooth points), t: = V* the (rational) Gauss map.

We recall here some basic facts about duality (cf. [7, p. 82 ff.] and [3, pp. 28—40]):

(i) (V*)*=V, so V*is not a cone and V* is a surface if V is not ruled,

(ii) if p is a smooth point of V, t has maximal rank at p iff 7(p) is simply tangent
to Vatp,

(iii) if Vis a surface of degree n with only d nodes as singularities, V* has degree
n(n—1)2-2d.

Moreover, defining a line / to be transversal to V iff, at the points of VN V
consists of smooth branches crossed transversally by /, also the following holds:

(iv) a line /is transversal to V iff /* is transversal to V'*.
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Proposition 2. Let, on P3:, (w)=(wy, w,, wy, w3) be the coordinates dual to the
()’s, and set a=a,(W)=Fi_ow; n,=wo+w, - Wy— Wy, 2= Wot+ Wr—w;—ws,
ny=wot+ wy—w;—w,, '

Then the dual surface D* of D is the Steiner quartic surface of equation n,nn;0 —
8(nini+nind+nind).

Proof. Since D is not ruled, by (i) D* is a surface (and not a cone), by (iii) D* has
degree 4 Because of (ii) and Proposition 1, (£)*is a triple point of D*, and, since the
pencil of planes through /, is a pencil of bitangent planes, (/,)* is a double line of D*.
So D* is the Steiner surface (cf. [5, pp. 81-82]).

To establish its equation we remark that this must also be a symmetric function of
{w); furthermore, the triple point and the double lines are the vertex and the edges
of the trihedron whose faces are the 3 planes of equation n,;=0.

Then the equation of D* must be of the form n,7,7,0 + f(17), where f(n) is a form
of degree 4 vanishing of order 2 at the three points n;=7,=0. Notice that 7,17,7;is a
symmetric function of (w), as is easy to check, and that every permutation of the n,’s
can be obtained by a permutation of the w/’s: therefore fis a symmetric function of
().

Thus there are constants A, u, such that f(n)= A(nfﬂ§+ nfr]§+ r]%r]%) +
u(ny+ny+n3)n1n,n5. Since the first term of the sum is a symmetric function of (w)
but the other is not, we must have 4 =0, 1 #0. We omit the computation of 1 = —8
since in the rest of the paper we will not need the precise value of A.

Proposition 3. For pe D, (i,j, k) a permutation of (0,1,2), let A (p) be the third
point of intersection of the line {p,p;> with D. Consider the map ¢ : D—P3* such
that p(p) = (Ao(D), A (D), A2(P)>*. Then ¢(D) is the plane given by ¢, (w) =0, and ¢
is the inverse of y in the sense that (y(Yo, Y1, ¥2)) = (Y0s Y1, Y2, =Yo—Y1=Y2).

Proof. Let w(y)=p, and b, (y)eP? be the pre-image of A,(p). Since (D, D) =
(b, pNp, 1y, the b(y)'s are the points, other than (y) or the vertices of the
quadrilateral, of pairwise intersection of the three conics C,(») such that
w~Y(«p,1;))=E;+ Ci(»). The equations of these conics are, respectively, in the (x)
coordinates (and recalling that x;=0,(x), 50 y;=0,())):

Cr={yy3Xox1 — Yoy 1 X2x3=0}, Ci={y1y3xgx3— yoyx1x3=0},

Co={yoy3x1x; -y y2x0x3=0}.

Note that the equations of C, and C, are permuted by exchanging the indexes 1 and
2, while the equation of Cy remains invariant; therefore, knowing the coordinates of
b, as rational functions of (y), we can get b, by permuting y, with y, in those
functions and exchanging the coordinates x; and x,.
In the same way the permutation of the indexes 0 and 1 allows to relate b, to b,.
To compute b,(y), we rewrite the 2 equations C,, Cy as
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X1 (V2Y3Xo= VoY 1X2) = Yoy 1 X2(Xo + X2),
X1(VoY3X2— Y 1V2X0) =Y 1Y2Xo(Xo + X2).

Eliminating x; we get (yoy3Xo—yoyi1X2)yaXo=(Vo¥3Xs—¥1¥2Xo)YoX2 © Xo=0Yo,
X;=-—gy,, and finally, substituting in C, and setting o =y;+y,, x;=y(y2—Yo).
Hence

by=(o(y3+ ¥, —y1(V3+ 52, y2(¥1=Yo))
bi=(o(y3+y ) (V2= o), =y2(y3+¥))
bo=(Yo(¥2—=y 1) ¥i(¥3+¥0), —y2(¥3+¥o)).

The coordinate w; of the plane spanned by w(b,), w(b,), w(by), is given by (~1)
times the determinant of the 3 X 3 minor obtained by deleting the ith column of the
matrix (M) = (z,(b))).

To simplify the computations, we notice that

3
Mi:ﬂif_&)& S By,
Yi
where Sy=(¥2+y3)(¥1 = Yol S1=(1+Y3)(¥2=20), So=(Yo+y3)(¥2—y1) and (Bj) is
the following matrix:
Yi=Yo Yo—X1 Vith2 Vit
Ya=Yo Y3tV Yo~V Y3t
Yi+Yo V2= Vi=Y2 V3t
Let u;=(—1)Ydet Z;, where Z; is the minor of (B;) obtained by deleting the jth
column: by symmetry considerations, as before, we find that ug(ye, ¥y, ¥2)=

(V1 Y0, Y2 11(¥0s V15 ¥2) = 12(V0, Y25 ¥1)» H3 is @ symmetric function of (y) (every
permutation of y; with y; has the effect of exchanging two rows and two columns of

Z;) and therefore, to prove that (w)=(yg, ¥1, V3, —r3), we must show that u; = —uj;.
Now, subtracting the 3rd from the Ist and 2nd columns, then multiplying these last

by (—1):
Yitya+t o=y VitYityi—Yo 23+2);
detZy=1%det | y3+y1+y0- 2 0 2y3+2y,
0 Yitri+yo—y2 2y3+2y
Subtract the first 2 columns from the 3rd:
3+y2+ 0=y (V3+y2+yi—y0) 0

=4det | (y3+y1+¥0—)2) 0 s+ i+ y2=20)
0 (3+y1+¥0-y2) (3+y1+yo—y1)
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Then, cyclically permuting the columns:

3+ y2ty1-y0) 0 (y3+y+y0—1)
=t det 0 s+y2+y1=Y0) 3+yi+yo—y2) |,
Ui+yotyi—=y3) Dn+tyo+ya—y1) 0

and adding the 1st and subtracting the 2nd to the 3rd column:

(V3+y2ty—yo) 0 Yi+y2
=det 0 (3+y2ty1—y0) Yo—):2
3+tyi+y0—y2) (3+tya+yo=y1) yi—-»:

After subtracting the 3rd column from the Ist, and then the Ist from the 2nd, we
finally get det Z;.

Corollary 4. If (y) is a general point of the irreducible quartic curve I' of equation

1+ 7)o+ ¥ + o+ )01+ 302+ Do+ 1) (Mo +y2)*=0, then the plane
o(w(»)) is simply tangent to D at a single point,

Proof. By Proposition 3, ¢(w()) is such that 0=0, n,=2(yg+y), 71:=2(¥g+Y2),
n3=—2(y|+Yy,), the result is thus gotten by substituting in the equation of D*.

2. Sextic surfaces with nodes

Let u;, i=0,...,3, be 4 general linear forms on P3, and denote by T, the
tetrahedron determined by the four planes u;=0. Consider the map Q:P}—P}
given by u;=v?: Q is ramified simply on 7,=Q~!T,) and has degree 8. The degree
of  reduces to 4 on the faces, to 2 on the edges, and to 1 on the vertices of T,. By
writing 2 in terms of local coordinates, one easily gets the following result (see [8]):

Proposition 5. Let F(u) be a surface of degree n, then G(v)=F(Q(v)) is a surface of
degree 2n which has only nodes as singularities iff

(a) F has only nodes as singularities, and they lie outside T,,

(b) if a face of T, is tangent to F, it must be simply tangent, and the points of
tangency must not lie on the edges,

(c) if an edge of T, is tangent to F, it must be simply tangent in points which are
not vertices.

Moreover, if t is the number of nodes of F, r is the number of tangency points of
the faces, s of the edges and m the number of vertices lying on F, then G has exactly
d=8t+4r+2s+m nodes.

Theorem 6. A sextic surface of the form F(Q(v)) with only nodes as singularities
can have at most 64 nodes.
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Proof. Using the notations of Proposition 5, we remark that:

(1) By (c), the 2 vertices of an edge of 7, tangent to F cannot both belong to F.
Hence 25+ m is always <13, equality holding iff s=6, m=1.

(2) By (b), an edge tangent to F cannot lie in a tritangent face, so, if there are k
tritangent faces, then s<3 for k=1, s=<1 for k=2, s=0 for k=3.

We refer to ([6, pp. 640—646]) for the plane representation of the cubic surfaces
with nodal singularities, from which it follows that:

(3) If £=3 (as for t=4) there are only 3 lines on F not passing through the nodes
and they lie on a plane (thus if a face of T, is tritangent to F, the remaining ones are
not bitangent).

(4) If r=2 any 2 tritangent planes (not passing through the nodes) meet in a line of
F.

Moreover, we have, when ¢ =4:

(5) If a face is bitangent to F= D, another one is tangent, then their common edge
/ cannot be tangent to D. For otherwise /* would join two points of D*, one of them
lying on a double line, so /*, being tangent to D*, would have to be tangent at one of
these points. This, again by duality, would contradict (b).

(6) If an edge /is tangent to D and belongs to 2 faces n,, n,, also simply tangent to
D, then / cannot have a vertex v on #ND. In fact, dually, v* would be a plane
containing a double line, so v*- D*=2 (double line)+conic, /*- D*=(m)*+
(n;)*+ point of tangency: hence /* would be tangent at a point of the double line. By
duality, / would be tangent to D in a point whose tangent plane contains a side of
7#N.D, hence in a point of AN D, i.e. v, contradicting (c).

Now, if £=0, 1, it follows easily by (2) that d is <60. If ¢=2, then (4) implies r<9
and if r=9, s<3 by (2), so d=<6l.

When t=4, (2) and (5) imply s<4 if r=5, s<3if r=6, s=0if r=7. Hence, for
r=<5dis at most 62, for r=7 d is at most 64 (our example), while, for r=6, if a face
is tritangent we get, by (6), 2s+m =<7 (Segre’s example), in the other case we get,
using (1), 2s+m<8.

Finally, if t=3, we use (3) to get r<7 and (1) to conclude that d is less than or
equal to 64 unless m=1, s=6, r=17.

Let’s show that this last case cannot occur. In fact, by (2), there should be 3
bitangent faces and a simply tangent one; so, if P is the vertex of the tetrahedron
lying on F, there must be at least two bitangent faces, 7, and n,, through P. Let P
be the point of tangency of the line /= 7, N 7z, with F; since n;N F consists of a conic
C;plus a line /;, / is tangent to C; at P’ and /; passes through P. From this it follows
that P must be a vertex of the unique tritangent plane, since, by (a), the lines /;
cannot pass through any node. Let @ be the projection of F with centre P onto the
plane 7 spanned by the three nodes of F, and let A, B be the images of the lines /;, /5.
It is easy to see that, by blowing up P and then contracting the proper transforms of
l;, 1, we get a double cover F’ of n branched on a quartic curve I” with 5 double
points: A, B and the three nodes of F.
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Thus I consists of two lines and a conic Q and we can choose coordinates (x, y, 2)
in 7 such that

() A=(1,0,0), B=(0,1,0),

(ii) the equation of I"is xy(xy + tz(x+ y + 2)) =0, where ¢ is a nonzero constant.

The equation of F” in Op2(2) is given by:

wl—xy(xy + tz(x+y +2)) =0.

Therefore, if (x, y,z, u) are coordinates in P? such that P=(0,0,0,1), n={u=0}, x,
¥, z are the above mentioned coordinates on 7, the birational map between F” and F
is given by

6y w)= (%), 2,(w=xy)/2),
and the equation of F is therefore
u(uz+2xy) —txy(x+y+2)=0.

Let E, C, D be, respectively, the projections on 7 of / and of other two edges of the
tetrahedron passing through the vertex P. By our assumptions, we have that £, D, C
belong to I, the line EC passes through B, ED passes through A4, and DC is tangent
to I'. Therefore E belongs to Q, C is the intersection of BE with {y =0}, D is the
intersection of AE with {x=0}.

Let E=(a, b,c): since E is different from A and B, we can assume c=1 and we
have ab+ ta+b+1)=0. Then C=(1,0,~a), D=(0,1, -b).

Let 73 be the face of the tetrahedron opposite to P: x5 is bitangent to F, so it
contains the line of F{z=0,2u— t(x+y) =0} mapped by & onto AB. The equation
of m;is then of the form

vi+QRu—itx—ty)=0

where v is a constant.

Since the three edges of the tetrahedron lying on nj are tangent to F, the
projection on n of 73N F must be tangent to the triangle DEC. This projection is
easily seen to be the curve 4 of equation

Z((tx + ty —vz)2 - 4(v + )xy) =0.
The parametric equations of the three lines AD=EA, CB=CE, CD are given by,

respectively,
(o,1,—1b), (1,0, —1a), (6,7, —~0ca—1th),

where (o, 7) are homogeneous coordinates in P!.
Imposing the condition of tangency of the first two lines with 4 we get the
equations
V+)(E+vib—-v-1)=0, v+ +vta—-v-1=0.

Since m; is not tritangent, A consists of the line {z=0} plus a nonsingular conic,
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therefore (v+1t) and v are different from zero. It follows that a=5, and the
condition that CD be tangent to 4 boils down to

t2+ v+ 2tva-v—t=0.
Using this and the previous equation

tr+vta—v-1t=0, (*
we get
va(t+va) =0,

Since a=0 implies C=A, D= B, which is absurd, we must have ¢t +va=0, and ()
gives again v+ =0, which is a contradiction. This ends the proof.

Theorem 7. For every d with 1=d=<64 there exist sextic surfaces of the form
F(Q(v)) with exactly d nodes as singularities.

Proof. We will consider the smooth manifold M of the (¥)’s such that the faces of
T, do not pass through the nodes of F and the edges are not tangent to F. We
remark that if F=D, by Proposition 1, for (1) in M T, satisfies the conditions of
Proposition 5; otherwise we must impose the conditions that the faces are simply
tangent.

Let us consider first d=32 and F=D. Our strategy will consist in constructing a
lattice of subvarieties of M ordered by proper inclusion, and with a minimum
element N: these subvarieties are then not empty if we prove that Nis not empty. To
start with, we define N as the set of tetrahedra in M with vertices p, Ay(p), 4(D),
A,(p), where p is a point of y(I"), and show that N is not empty. We need the
following lemma:

Lemma 8. For a general p e w(I') no one of the A(p)’s is the point p’ of tangency of
the plane ¢(p) with D.

Proof. Supposing the contrary, the lines (p,p’> would intersect the plane # in a
vertex of the triangle DN 7, this vertex being fixed since I"is irreducible: let it be p;;.
The natural action of .%; on P? induces a linear action on P (permuting the
coordinates z4, 21, Z5) and [ is invariant by this action.

Denote by (') w~1(p): () is the singular point of the cubic curve of equation
X3(VoX 1 X2+ XV 1 X2+ XoX1¥y) — XoX1 X323, Which is a covariant of (x) and (). There-
fore if o€ 73, (0yY =0(y'), and the line {(ap, (6p)’) passes through o(p;). Thisisa
contradiction because #; acts transitively on the (p;)’s.

Now, with this choice of the vertices, 7, has 1 tangent and 3 bitangent faces, and
the vertices on D. If p is a general point of w([I), it is clear that the faces do not pass
through the nodes of D and, since the {p, p;>’s have 3 points of intersection with D,
they cannot be tangent to D. In the proof of Theorem 6 we have already seen that, if
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Fig. 3. The u-coordinates tetrahedron and the plane #.

(A, A;> were tangent to D, it would be in the tangency point of the face ¢(p): since
(A;,A;> has 2 intersections with D at 4;, Aj, one of these would be the above
mentioned point, contradicting Lemma 8.

The other subvarieties of the lattice are defined by the following conditions:

d =63: take as vertices pe D, A,(p), A»(p), g={p,p2> N\ 7’, where n’ is a tangent
plane to D through (A4,,A47).

d=62: peD, A,(p), q as before, with 7’e D*NAY, and ¢'={p,p,) N 7".

d=61: peD, g, ¢, q" are the 3 intersections of the {p,p;)’s with a n’e D*.

d=60: peD, A,, A,, Ay. Proceed as before to get d=59, 58, 57.

d=56: peP?, q, q’, q” are points on the lines {p, p;;>.

32=<d=<55: writed as 32+ 8h+ 4k +m, where m=3, k<1; take & bitangent and &
tangent faces, and m vertices on D.

To get sextic surfaces with d nodes, d=<31, write d as 8t +4k+m (k and m as
before), and take F with ¢ nodes, 7, with k tangent faces and m vertices on F.

Remark. Of course, there are several ways of applying this construction. For
instance, d =48 can also be obtained from D by taking a T, with 4 general tangent
planes as faces, or 2 general bitangent planes, or the tritangent plane and a tangent
plane, ... ; or from a smooth cubic and a 7, with 4 tritangent faces.
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