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I .  D e f i n i t i o n s  a n d  s t a t e m e n t s  of  t h e  r e s u l t s  

D e f i n i t i o n  1. Let D be  a r e d u c e d  p l a n e  c u r v e  of d e g r e e  n ,  a n d  L 

a n  i n v e r t i b l e  s h e a f  on D s u c h  t h a t  L 2 ~ O D. L i s  s a i d  to be  g e n e r i c  

i f  t h e  f o l l o w i n g  c o n d i t i o n  h o l d s :  

(2) 

( h e r e ,  a s  u s u a l ,  s q u a r e  b r a c k e t s  d e n o t e  t h e  i n t e g r a l  p a r t  of a r e a l  n u m b e r ) .  

Moreover  L i s  s a i d  to be good i f  t h e  p u l l  b a c k  of L to t h e  n o r m a l i z a -  

t i o n  of D i s  not  t r i v i a l .  

We r e m a r k  t h a t ,  i f  n i s  a t  l e a s t  3, a n d  L i s  g e n e r i c  a s  in  

d e f .  i ,  t h e n  L i s  not  t r i v i a l  on D. 

D e f i n i t i o n  3.  Let C,D be n o d a l  c u r v e s  of d e g r e e  n in  p 2  ( i . e .  C,D 

a r e  r e d u c e d  a n d  t h e i r  o n l y  s i n g u l a r i t i e s  a r e  n o d e s ) .  

f :  S 

A d e g e n e r a t i o n  of C to D i s  t h e  d a t u m  of a p r o p e r  f l a t  f a m i l y  

T,  s u c h  t h a t  

i) 

ii) 

T is a smooth curve, S is a reduced divisor in p2× T, f is indu- 

ced by the projection of p2x T onto T 

there exist to, t I in T such that f-l(to)-~C, f-l(tl)-----D 

* Research partly supported by M.P.I. 
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iii) t h e  f i b r a t i o n  f i s  l o c a l l y  a n a l y t i c a l l y  i s o m o m o r p h i c  to a p r o d u c t  e x c e p t  

e x a c t l y  a t  a f i n i t e  se t  of n o d e s  p l , . . . , p d  of D ( h e r e  we a r e  u s i n g  

t h e  i s o m o r p h i s m  p r o v i d e d  b y  i t ) ) ,  w h i c h  a r e  smooth  p o i n t s  of S. 

The  n o d e s  P l  . . . . .  Pd a r e  c a b l e d  t h e  v i r t u a l  n o d e s  of t h e  d e g e n e r a -  

t i o n  ( a c c o r d i n g  to S e v e r i  [ S e ] ) .  

D e f i n i t i o n  ~. A n o d a l  c u r v e  C i s  s a i d  to be  of t h e  m a i n  s t r e a m  ( a c c o r d i n g  

to t h e  t e r m i n o l o g y  of B. M o i s h e z o n ,  c f .  [Mo] )  i f  t h e r e  e x i s t s  a d e g e n e r a t i o n  

of C to a n o d a l  c u r v e  D c o n s i s t i n g  of n d i f f e r e n t  l i n e s  (D i s  o f t e n  

r e f e r r e d  to a s  " t h e  u n i o n  of n l i n e s  in  g e n e r a l  p o s i t i o n " ) .  

D e f i n i t i o n  5.  A t h e t a c h a r a c t e r i s t i c  F on a r e d u c e d  p l a n e  c u r v e  C of 

d e g r e e  n i s  a r a n k - 1  t o r s i o n  f r e e  s h e a f  on C s u c h  t h a t  F ~- Homoc(F ,°~C) ,  

w h e r e  ~C ~ d}c (n -3 )  i s  t h e  d u a l i z i n g  s h e a f  on C (c f .  [ B a ] ,  [Be] ) .  

A t h e t a c h a r a c t e r i s t i c  F i s  s a i d  to be i n v e r t i b l e  i f  F i s  a n  i n v e r -  

t i b l e  s h e a f :  in  t h i s  c a s e  t h e  c o n d i t i o n  of b e i n g  a t h e t a c h a r a c t e r i s t i c  r e a d s  

F 2 ~ O c ( n - 3 ) .  A t h e t a c h a r a c t e r i s t i c  i s  s a i d  to be ou t  more directly as 

generic even if H°(C,F) = 0, generic odd if H°(C,F) = i. 

D e f i n i t i o n  6.  A n o d a l  c u r v e  C i s  s a i d  to be of e v e n  m u l t i d e g r e e  i f  e a c h  

i r r e d u c i b l e  c o m p o n e n t  D of C h a s  e v e n  d e g r e e .  

Before stating our results, we remark that, for each pair of integers 

n,d, with 2d _< (n-l)(n-2), the family of irreducible nodal curves of the 

main stream Vn, d is a smooth irreducible non empty locally closed subva- 

riety of 

C I and 

union C 

C 2 

1 ~N (here N : n/2(n+3)) (cf. [Se],[Wa] ,[Ta] ). Moreover, if 

C 2 are nodal curves with transversal intersections, then the 

of C 1 and C 2 is of the main stream if and only if C 1 and 

are of the main stream. 

I t  m a k e s  t h r e f o r e  s e n s e  to t a l k  a b o u t  a " g e n e r i c "  n o d a l  c u r v e  of 
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the main stream. We can now state the main results of this paper. 

Theorem 7.  F o r  a g e n e r i c  n o d a l  c u r v e  o f  t h e  m a i n  s t r e a m  C ,  t h e r e  e x i s t s  

a g e n e r i c  i n v e r t i b l e  s h e a f  o f  2 - t o r s i o n  L .  I f  n o t  a l l  t h e  c o m p o n e n t s  o f  

C a r e  r a t i o n a l ,  o n e  c a n  a l s o  a s s u m e  t h a t  L i s  g o o d .  

We observe here that, when n = degree of C is odd, and L is as 

in thm. 7, then L((n-3)/2) is a generic even thetacharacteristic. Of course 

a nodal curve C of even degree admits invertible thetacharacteristics if and 

only if C has even multidegree (cf. def. 6). 

Theorem 8 .  A g e n e r i c  n o d a l  c u r v e  o f  t h e  m a i n  s t r e a m  w i t h  e v e n  m u l t i d e g r e e  

h a s  a g e n e r i c  e v e n  i n v e r t i b l e  t h e t a c h a r a c t e r i s t i c .  

We notice that an entirely similar method can be used to handle 

generic odd invertible thetacharacteristics, and that the above results have 

corollaries regarding the possibility of writing the equation of C as a deter- 

minant of a symmetric matrix of linear (resp.: quadratic) forms (cf. [Ba], 

[Ca] ). We refer to [C-OIl for a general discussion and for more complete 

results about (not necessarily invertible) thetacharacteristics on plane curves, 

and also to [Ha], for a nice tretament of the parity of invertible thetacha- 

racteristics. As a final remark, we work over the field C of the complex 

numbers, though with minor changes everything works over an algebraically 

closed field of char ~ 2. 

2. Two lemmas in linear algebra 

In this section we shall work with a vector space over a field 

K of char ~ 2. 
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L e m m a  9 .  L e t  v 1 . . . . .  v k b e  i n d e p e n d e n t  v e c t o r s  i n  a v e c t o r  s p a c e  V ,  a n d  

l e t  w 1 . . . . .  w k b e  a n y  v e c t o r s  i n  V . T h e  o n e  c a n  c h o o s e  n u m b e r s  e 1 = + 1  o r  

= - 1  , f o r  i = l , . . . , k  , s u c h  t h a t ,  s e t t i n g  u i = v i + elw.1 t h e  k v e c - -  

t o t s  u 1 . . . .  , u  k a r e  i n d e p e n d e n t .  

Proof. v I A ... ^ v k ~ 0, but, since 2v i = (vi+wi)+(vi-wi), we have: 

0 ~ 2kvl ^ ...A v k = X 
e=±l 
1 

(vI+elWl)A ... A (vk+ekw k) 

Since the sum is not zero, there exists a non zero summand, i.e. there exist 

el,...,e k such that u I = vl+eiwi,...,Uk = Vk+W k are linearly independent 

vectors. 

Q.E.D. 

L e m m a  1 0 .  L e t  V a n d  W b e  v e c t o r  s p a c e s  o f  t h e  s a m e  d i m e n s i o n  = k  . 

A s s u m e  t h a t  t h e r e  a r e  g i v e n  

Cl,-.-,c k 

al,..-,a k 

d I ..... d k 

b I ..... b k 

independent linear forms from V to K 

independent linear forms from V to K 

independent linear forms from W to K 

linear forms from W to K. 

T h e n  one  c a n  c h o o s e  n u m b e r s  e . =  ± 1 , f o r  i = l  . . . .  k ,  s u c h  t h a t  t h e  l i n e a r  
1 

map ~: V • W , K 2k given by the 2k linear forms (c i • d i) 

( a  i • e i b  i )  , i s  an  i s o m o r p h i s m .  

Proof. Take on V the basis dual to {c I .... ,Ck}, and on W the basis 

dual to {d I .... ,dk}. Let A be the matrix associated, in the given basis, 

to the linear map of V to K k determined by the linear forms al,...,a k, 

and associate in analogous way a matrix B to the linear forms bl,...,b k. 

Let further E be the matrix diag{e l,...,e k} , and I he the identity 

(k × k) matrix. 
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T h e n  t h e  m a t r i x  a s s o c i a t e d  to  a i s  i n  b l o c k  f o r m  

I I ) : 

A EB 

t h e r e f o r e  a i s  a n  i s o m o r p h i s m  i f  a n d  only i f  t h e  m a t r i x  A-EB i s  i n v e r t i b l e .  

S i n c e  A i s  i n v e r t i b l e ,  we c a n  a p p l y  l e m m a  9 s e t t i n g  

. t h  
row of A, w~ = ] row of B. 

J 

th 
V. = I 

I 

Q.E.D. 

3 .  Auxiliary results 

According to def. i, let D be a reduced plane curve of degree n, 

let L be a generic invertible sheaf of 2-torsion, and let R be a line 

transversal (in fact this hypothesis is not needed) to D: let then 

pl,...,pn be the points of intersection of D with R. 

We h a v e  t h e r e f o r e  t h e  e x a c t  s e q u e n c e  

n 

(11)  0 , L ( [ ( n - 3 ) / 2 ] )  , L ( [ ( n - 3 ) / 2 ] + l )  , @ ¢ * 0 
i=i Pi 

Remark 12. The exact cohomology sequence associated to (Ii) gives: 

a ) for n odd an isomorphism 

r: H°(L(n-l)/2) 
n 

C 
i=l Pi 

b) for n even an exact sequence 

n 

0 ÷ HO(L(n_2)/2) r ~ ~ 
i=l Pi 

) H l ( L ( n - f i ) / 2 )  , 0 

w h e r e  t h e  f i r s t  a n d  t h e  l a s t  v e c t o r  s p a c e  a r e  d u a l  to  e a c h  o t h e r  b y  S e r r e  

d u a l i t y .  
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P roo f .  By Se r r e  d u a l i t y  t h e r e  is  a non d e g e n e r a t e  p a i r i n g  

H°(L(i)) x Hl(L(n_3_i)) , HI(OD(n_3) ) -- ~] . 

Therefore, for n odd, HI(L(n-3)/2) = H°(L(n-3)/2) = 0, by (2), and for 

the same reason when n is even HI(L(n-2)/2) = H°(L(n-4)/2) = 0. 

Q.E .D 

P r o p o s i t i o n  13. Let  D be a r e d u c e d  p l a n e  c u r v e ,  R a l i ne  t r a n s v e r s a l  to D ,  

a n d  le t  C be the  un ion  of  D a n d  R .  For e v e r y  L 6 Pic2(D) which  is  

g e n e r i c ,  there  e x i s t s  F • Pic2(C)  which  is  gener i c  and  such t h a t  

F ® O  D = L. 

P r o o f .  Let n be the  d e g r e e  of D, 

s e c t i o n  of D wi th  

a n d  P I " " ' P n  be the  p o i n t s  of i n t e r -  

R. Then we h a v e  the  f o l l o w i n g  e x a c t  s e q u e n c e  

n 
(1/+) 0 , 0 C , 0 D (9 O R , (9 (I] , 0 

i=l Pi 

from w h i c h  one d e d u c e s  t he  fo l lowing  e x a c t  s e q u e n c e  

n 

(15) 1 ' d)~ ' 0~) @ d)i~ , ~) ~*  , 1 
i=l Pi 

whose associated long cohomology sequence yields 

n 

(16) 1 ' i=I~9 C*i/f*~ , Pie(C) , Pic(D) ~ Pic(R) , 1 

where C* is embedded diagonally in 
n 

i=l Pi 

Since the kernel of the exact sequence is 2-divisible, we have a 

c o r r e s p o n d i n g  e x a c t  s e q u e n c e  for  t he  e l emen t s  of 2 - t o r s i o n ,  n a m e l y  

n 

(17) 1 ' i=l ~ (U2)Pi/(~2) , Pic2(C) , Pic2(D) , 1 
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where (u2) is the group of square roots of 1 in @*. 

Therefore, up to isomorphism, we have 

F of L. Moreover, if 

F ® O R ~ OR, and 

e = (e I ..... en), with 

stalk OR,Pi with Lpi 

cation by e .  i 

2 n-I possible extensions 

F is any of such extension, then F ® 0 D -~ L, 

every other extension is obtained by choosing 

e I = +I or -i, and modifying the glueing of the 

by the automorphism of L obtained by multipli- 
Pi 

In this way for each e = (el,...,e n) we obtain another extension 

F e , and the meaning of (16) is that F e = Fe, if and only if e' =-e. 

Now F is generic if and only if H°(C,F([(n-2)/2])) = 0. 

We have clearly the exact sequence 

(18)  0 ---+ H°(C,F([(n-2)/2])) 

n 

, • @Pi i=l 

, H°(R,OR([(n-2)/2]))@ H°(D,L([(n-2)/2])) 

We consider two cases separately: 

i) n is odd, hence it suffices to show that ker (~) = O; in this case 

H°(D,L(n-3)/2)) = O, therefore Ker(s) ={ s[ seH°(R,OR((n-3)/2)) and 

s vanishes at Pl ..... Pn } and clearly ker(s) = 0, as we wanted. 

i i )  n i s  e v e n  = 2 k ,  t h e r e f o r e ,  b y  (12)  b ) ,  b o t h  s u m m a n d s  i n  t h e  m i d d l e  

t e r m  of  (18)  a r e  k - d i m e n s i o n a l  v e c t o r  s p a c e s .  

We are now able to apply lemma i0. 

Set in fact W = H°(D,L((n-2)/2)): by (12) b) again r has rank 

equal to k, therefore we can select pl,...,pk such that the k linear 

forms d l,...,d k obtained by evaluating sections of W on Pl'""Pk 

are linearly independent (in fact these linear forms are defined only up 
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to non-zero scalar multiples, but this does not matter for our purposes). 

We set further b i = evaluation of sections of W at Pk+i' 

V = H°(R,OR(k-I)), c i = evaluation of sections of V at Pi' ai = evalua- 

tion at Pk+i and the hypotheses of lemma 10 are clearly satisfied since 

R ~ p1. The statement of lemma 10 ensures now the existence of el,...,e k 

such that, if you replace F by Fe, with e = (e I ..... ek, i ...... i), 

then the corresponding a is an isomorphism. In particular then 

H°(C,F(n-2)/2)) = 0. 

Q.E.D.  

Corollary 19. Let C be the union of n lines in general position. Then, if 

n is at least 3, there exist L e Pic2(C) which is generic. 

Proof. If n=3, then Pic2(C) = ~2' and H°(C,L) = 0 if L is the 

non trivial element in Pic2(C). By prop. 13 we can proceed by increasing 

induction on n. 

Q.E.D. 

We h a v e  two e n t i r e l y  a n a l o g o u s  r e s u l t s .  

P r o p o s i t i o n  20. L e t  D b e  a r e d u c e d  p l a n e  c u v v e  o f  e v e n  m u l t i d e g r e e ,  a n d  

F a g e n e r i c  e v e n  i n v e v t i b l e  t h e t a c h a v a c t e v i s t i c  on D .  L e t  Q b e  a c o n i c  

t r a n s v e r s a l  to D a n d  l e t  C b e  t h e  u n i o n  o f  D a n d  Q .  T h e n  t h e r e  e x i s t s  

a g e n e r i c  e v e n  i n v e v t i b l e  t h e t a c h a v a c t e v i s t i c  G on C s u c h  t h a t  G ® O  D - F ( 1 ) .  

P r o o f .  Let n be the  d e g r e e  of D a n d  le t  p l , . . . , p 2  n be the  p o i n t s  

of i n t e r s e c t i o n  of D wi th  Q. 

We o n l y  s k e t c h  t h e  a r g u m e n t ,  s i n c e  i t  p a r a l l e l s  v e r b a t i m  the  one 

u s e d  in  t he  p r o o f  of p r o p .  13. 

We h a v e  the  e x a c t  s e q u e n c e  
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2n 
(21) 0 , H°(C,G) ~ H ° ( Q , O Q ( n - 1 ) ) ~ g H ° ( D , F ( 1 ) )  , ~B C , . . .  

i=l Pi 

w h e r e  by  O Q ( n - l )  we mean the  i n v e r t i b l e  s h e a f  on Q ~_ p l  of d e g r e e  ( n - l )  

A g a i n ,  by  the  e x a c t  s e q u e n c e  

(22) 

2n 

0 = H ° ( D , F ( - I ) )  , H ° ( D , F ( 1 ) )  ' @ ¢ 
i=l Pi 

a n d  s i n c e  H ° ( D , F ( 1 ) )  h a s  d i m e n s i o n  e q u a l  to n ,  we c a n  a p p l y  lemma 

I0 a n d  t w i s t  G in  o r d e r  to o b t a i n  an  i n v e r t i b l e  t h e t a c h a r a c t e r i s t i c  G 
e 

on C wi th  H°(C,G e) = 0 

Q.E.D. 

C o r o l l a r y  23. Let C be the  un ion  of n c o n i c s  in  g e n e r a l  p o s i t i o n ,  

n >  2. Then C h a s  an  i n v e r t i b l e  g e n e r i c  even  t h e t a c h a r a c t e r i s t i c .  

P roo f .  By p r o p .  20, i t  s u f f i c e s  to p r o v e  the  b e g i n n n i n g  s tep  of t he  i n d u c -  

t i o n ,  i . e .  the  s t a t m e n e t  when  n=2, C = QI U Q2" In t h i s  c a s e  i f  F i s  

an  i n v e r t i b l e  t h e t a c h a r a c t e r i s t i c ,  a n d  H°(C,F)  9 s ~ 0, t h e n  i t  i s  we l l  

known t h a t  2 d i v ( s )  c o r r e s p o n d s  to a common t a n g e n t  l i n e  of QI a n d  

Q2" Since Q1 a n d  Q2 h a v e  a t  most 4 t a n g e n t s  in common, e i t h e r  F 

is generic even, or dim H°(C,F) = 1 and F corresponds to one of the 

common tangents of Q1 and Q2" We conclude the proof by observing that, 

by the exact sequence analogous to (17), G has exactly 8 invertible theta- 

characteristics. 

Q.E.D. 

3. End of  t h e  p r o o f  

Remark 24. If  D is  a n o d a l  c u r v e ,  a n d  Pl  . . . . .  Pd is  a n y  se t  of nodes  

of D, t h e r e  e x i s t s  a d e g e n e r a t i o n  f:  S----~ T for  w h i c h  Pl  . . . .  ' P d  a r e  

t he  v i r t u a l  nodes  ( t h i s  fo l lows  from the  p r e v i o u s l y  m e n t i o n e d  t h e o r y  of S e v e r i -  
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Wahl ,  c f .  [Se]  [ W a ] [ T a ]  ) .  In  t h i s  c a s e ,  t a k i n g  the  n o r m a l i z a t i o n  S' of 

S by  b l o w - u p s  in  p 2 ×  T w i t h  c e n t e r  the  s i n g u l a r  c u r v e s  of S, one o b -  

t a i n s  f ' :  S '----~ T w h e r e  t he  f i b r e  f ' - l ( t  ) i s  t he  n o r m a l i z a t i o n  of 
o 

D a t  t he  " e f f e c t i v e "  n o d e s  of D, i . e .  a t  the  n o d e s  of D w h i c h  a r e  not  

v i r t u a l ,  w h e r e a s  f ' - l ( t )  i s  t he  n o r m a l i z a t i o n  of f - l ( t )  for  t~t . 
o 

Lemma 25. F o r  a g e n e r i c  n o d a l  c u r v e  o f  t h e  m a i n  s t r e a m  C , 

a g e n e r i c  L e P i c 2 ( C ) .  

P roo f .  Let f :  S ' T 

the  u n i o n  of 

Lo~ Pic2(D) 

Now L 
o 

bourhood of D 

t h e r e  e x i s t s  

be a d e g e n e r a t i o n  of C to D, w h e r e  D is  

n l i n e s  in  g e n e r a l  p o s i t i o n .  By c o r o l l a r y  19 t h e r e  e x i s t s  

w h i c h  is  g e n e r i c .  

c a n  be e x t e n d e d  to an  i n v e r t i b l e  s h e a f  d e f i n e d  in  a n e i g h -  

in  S, a n d  such  t h a t  L 2 -  - O S. In f a c t ,  i f  D i s  the  

u n i o n  of R 1 , . . . , R n ,  u s i n g  a r g u m e n t s  s i m i l a r  to the  ones  u s e d  in  t he  p roo f  

of p r o p .  13 one c a n  e a s i l y  show t h a t ,  c h o o s i n g  an  open c o v e r  U = {U 1 . . . . .  Un~ 

of D wi th  U iD  Ri, U i n R j  n Rk = ~ for  i~j~k~i ,  L ° is  d e t e r m i n e d  

by  a cocyc le  g i j  in  H I ( u ,  O~) wi th  g i j  = +1 or  -1 .  

By s h r i n k i n g  T to a s u i t a b l e  Z a r i s k i  open  n e i g h b o u r h o o d  of t o , 

one c a n  a s s u m e  t h a t  L is  d e f i n e d  on the  whole  of S, a n d  a l s o ,  by  u p p e r -  

s e m i c o n t i n u i t y ,  t h a t ,  i f  C t = f - l ( t ) ,  L t = L®OCt  , t h e n  H ° ( C t , L t ( [ ( n - 3 ) / 2 ] ) ) =  0. 

T h e r e f o r e ,  for  t / t o ,  we o b t a i n  a n o d a l  c u r v e  of the  ma in  s t r e a m  

C t of t he  same t y p e  as  C, a n d  endowed  wi th  a g e n e r i c  L t e  P i c 2 ( C t ) .  

Q.E .D. 

Remark  26. Working in  t he  a n a l y t i c  c a t e g o r y  o v e r  C, 

n e n t i a t i n g  the  e x a c t  s e q u e n c e  

we notice tha t ,  expo- 

0 , O s ( - D )  , 0 S , 0 D , O, 
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one sees immediately that the obstruction to the surjectivity of 

Pic(S) *Pic(D) lies in H2(Os(-D)), and this last group is zero if you 

shrink T. 

Proof of theorem 7. In view of the preceding lemma 25, it suffices to consider 

the case when C has an irreducible non rational component B. 

Step I: reduction to the case when C is irreducible and non rational. 

Assume in fact that B is a non rational component of C, and assume 

that B has a generic good L' e Pic2(B ). We remark that, obviously, 

our assertion is proven if we show the existence of L e Pic2(C) which is 

generic and such that L ® O B ~ L'. To accomplish this, we write C 

as BuD, and we choose a degeneration of D to D' which is a union 

of lines in general position, and is transversal to B. 

Prop. 13 ensures that on C' = Bu D' there exists a generic 

L"e Pic(C') such that L" ® G B ~ L'. Now we conclude considering the 

degeneration of C to C' obtained keeping B fixed and degenerating 

D to D', and arguing as in lemma 25. 

Step II: the case when C is irreducible and non rational. 

In this case, let 

degree of C, and let L 
O 

D be an irreducible rational curve of the same 

be a generic invertible sheaf in Pic2(D). 

Since the normalization of D is pl, L ° cannot be good, neverthe- 

less there exists a node p of D such that, if D' is the normalization 

of D at the other nodes, then the pull-back of L to D' is not trivial. 
O 

This assertion follows immediately from the isomorphism 

m 

(27) Pic2(D) ~ i=IE9 (~2)Pi 
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w h e r e  Pl  . . . . .  Pm a r e  t he  nodes  of D. 

By c h o o s i n g  a se t  of v i r t u a l  nodes  of 

construct a degeneration (cf. remark 24) to 

of the same genus of C. 

D containing p, we can 

D of an irreducible curve 

Arguing as in lemma 25, (and using remark 26 if one does not want 

to r e p e a t  t he  a r g u m e n t  w h i c h  p r o v e s  t h a t  L 
o 

we o b t a i n  an  i r r e d u c i b l e  C t w i t h  L t e Pic2(C t)  

We claim that L t is good: in fact, if 

c a n  be e x t e n d e d  to L) ,  

g e n e r i c .  

f :  S ÷ T is  ou r  d e g e -  

n e r a t i o n ,  a n d  f ' :  S' , T is  t he  f l a t  f a m i l y  o b t a i n e d  by  t a k i n g  the  n o r -  

r e a l i z a t i o n  of S, we h a v e  t h a t  the  p u l l  b a c k  of L to S' i s  non t r i v i a l ,  
,--1 

by our  cho ice  of t h e  v i r t u a l  n o d e s ,  when  r e s t r i c t e d  to f ( t ) .  
o 

Hence ,  e . g .  by  s e m i c o n t i n u i t y ,  the  p u l l  b a c k  of L to S' i s  

not  t r i v i a l  when  r e s t r i c t e d  to C t = f ' - l ( t ) ;  b u t ,  by  r e m a r k  2~, C t i s  

the normalization of C t, and it is immediate to see that the above sheaf 

i s  n o t h i n g  e l se  t h a n  the  p u l l - b a c k  of L t to C~. This  shows t h a t  L t 

i s  good .  

Q.E.D. 

Proof  of t h e o r e m  8. 

Aga in  b y  the  S e v e r i - W a h l  t h e o r y  of v i r t u a l  n o d e s  i t  fo l lows  t h a t  

a nodal curve of the main stream with even multidegree can be degenerated 

to the union of conics in general position. The proof, using corollary 23, 

remark 26, is entirely similar to the one of lemma 25. 

Q.E.D. 
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