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§0 Introduction

I. Reider ([Rei]) introduced a new method to prove that certain linear systems on algebraic
surfaces are free from base points (respectively very ample).

He uses a construction due to Schwarzenberger, ([Sch1,2}, [GH]) producing, if Z is a 0-
cycle not imposing independent conditions on the linear system | K+L |, a certain rank 2 bundle
occurring as an extension

0 503 58-59,L>0
and then derives a contradiction if the vector bundle & is numerically unstable according to
Bogomolov ([Bog]).

As pointed out by D. Kotschlck ([Kot)), if the numerical inequality c, 28) - 4cy(8)20
becomes an equality, i.e. L2 4 deg Z = 0, and the Chern class L is divisible by 2, then & is
the twist (by a line bundle) of a vector bundle with trivial Chern classes; hence, by a deep
theorem of Donaldson ([Do)), if & is Mumford-stable with respect to an ample divisor H, then
this vector bundle arises from an irreducible SU(2)-representation of the fundamental group
71(S) of the surface.

In fact, cf. [Ko], when one has equality, and one can prove that the bundle & is stable for
some ample divisor H, then the associated projective bundle P(8) arises from a PU(2)-
representation of the fundamental group m,(S) of the surface.

We thus get a central extension I of m1(S) by a cyclic group of order 2, whose extension class
measures the obstruction to lifting the PU(2) to a SU(2)-representation.

We apply this method to the study of bicanonical systems on surfaces S with K32 =4,
where L = Ky : in this case one cannot have a SU(2)-irreducible representation since the
numerical class of L = Ky i is not divisible by 2 . Whence, we get in §1 the result that | 2Kg | is
free from base points if H (1,(8), 2/22)=0.

This partial result is of some interest in view of the open problem (cf. §1) whether | 2Kg |
has base points only when KS =1, and Pg = 0 (the only cases which are left open being the
ones where pg =0, Ks =2,3,4).

After the results of §2, we obtain a sharper theorem (Thm. 3.2) implying in particular that
| 2K | is base point free if the pull back of Ky to the universal covering is not 2-divisible, or it
gives rise to a trivial extension.

The second section is devoted to the geometrical analysis of the possible central extension of
the fundamental group. This problem is treated in a greater generality, by considering the
standard mth root extraction covering trick (cf. [Mi2]), under which the pull-back of a divisor L
becomes m-divisible; we first show (cf. Lemma 2.1) that in this situation the fundamental group
changes up to a central extension by a cyclic group of order dividing m (this argument is
essential for the main result of [Mi2]). Later on, we give a complete description of the extension
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which occurs, in terms of the divisibility properties of the pull-back of L to the universal
covering of S.

Our first example where the first homology group would not change, but the fundamental
group would, was the case of a (Z/22 )2—Galois cover of an Abelian surface: here L gives a
polarization of type (1,4) and the fundamental group of the cover is the classical Heisenberg
central extension of the fundamental group of the Abelian surface associated to the mod 2
reduction of the alternating form given by the Chern class of L.

We appealed again to Donaldson's theorem in order to calculate the fundamental group of the
cover, just by providing the existence of some stable bundle with trivial Chern classes (the ideas
here were influenced by the article [BLvS], whose results by the way can also be reproved
using the above ideas (cf. work in progress by the second author)).

Later on, guided by the conjecture raised by this nice example, we worked out completely
the general case, where we essentially investigate the spectral sequence describing the
cohomology of the quotient S in terms of group cohomology.

The main result of the paper is the following
Main Theorem: Let Y — X be the (2/m2)2-Galois covering given by the mth root extraction
of the divisor D.

Then we have a central extension
0-2h2 5>m1(Y)->m1(X)—>0
where, if m: X — X is the universal covering of X, D =n (D), d the divisibility index of D,
then r = G.C.D.(m,d) and the extension class in HZ(G,Z/rZ ), (G =my(X)), is given by the
Chern class of (-D) modulo r, via the exact sequence
0 — HXG,2/r2) - HX(X,2/t12) —» H¥X ,2/r2)°
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§1 Bicanonical systems on surfaces of general type,

Let S be a smooth (complete) minimal surface of general type, and consider the bicanonical
linear system | 2Kg I, where Kg is a canonical divisor on S .

Through work of several people (Moishezon [Moi], Kodaira [Kod], Bombieri [Bol,2],
Francia [Fr], Reider [Rei] and others, e.g. [Ca-Ci], [Mil})) it is known that the above linear
system has no base points if Pg is 21, and also in the case pg = 0, provided K225, and
particular cases when K2=2 (cf. [Pet2], [Xi] Thm 5.5 page 77).

Siné:e | 2K | is a pencil exactly when Kg2 = 1, one may ask about the remaining cases pg =0,
K¢“ =34

There are no known examples of surfaces with invariants Pg = 0, K?= 3,4 such that the

bicanonical linear system has base points.
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In this paragraph we shall give some sufficient conditions, concerning the fundamental
group 1;(S), which ensure that | 2K | be (base point) free .

On the other hand, by looking at some examples of surfaces with the above invariants
constructed by Burniat and Keum ([Bu], [Pet], [Ke]), we shall see however that those
conditions are not necessary (but, using the results of the next paragraph one gets some weaker
sufficient conditions).

As we remarked in the introduction, it remains an interesting question to know whether the
case pg =0 and K52 =1 is indeed the only exception to | 2Kg | being (base point) free.

Theorem 1.1 Let S be a minimal surface with pg =0, KS2 =4, and such that no nontrivial
central extension I"
15222 ->T > n(S) >0
of n,(S) has an irreducible SU(2)-representation.
Then the bicanonical linear system | 2Kg | is (base point) free.

Corollary 1.2 In particular, the theorem holds if Hz(nl(S),Z/ZZ) =0 (e.g. if ©;(8) is cyclic,
or it has odd order).

Proof of Theorem 1.1 The proof of the theorem will be divided in two different cases and will
involve some assertions that will be justified at a later time.

Assume that the bicanonical linear system | 2K | has a base point x. Then (cf. [GH], [Rei])
there exists a vector bundle & of rank 2 on S occurring as an extension
(1.3) 0 50 -8 > 4 (Ks)—0
where ﬂx is the ideal sheaf of the given point x. We will show that (with no assumption on
7,(S)) the vector bundle & is K-stable (prop. 1.4) and, furthermore, it is stable with respect to
a suitable ample line bundle H on S (see prop. 1.9).

Then, (cf. e.g. [Ko], thm. 10.19, page 236, and thm. 4.7, page 114) & admits a Hermite-
Einstein structure, and, since c12(8) — 4 ¢y(8) =0, it is projectively flat, i.e., it comes from an
irreducible PU(2)-representation of w;(S). We can lift thus the central extension

1> 2R2Z - SUQ2) > PUR)->0
to obtain
15222 5T ->m(S)—> 0.

If this last extension were split, then the bundle €& would arise from an irreducible SU(2)-
representation; hence its Stiefel-Whitney class w, would vanish. Then, since w, is the mod 2
reduction of the first Chern class of &, K¢ would be 2-divisible. 5

But we claim that in fact Kg is not 2-divisible even in Num(S) = H'(S,2)/torsion . In fact,
if Kg is numerically equivalent to 2L, then L’=1 and Kg-L =2 : by the genus formula we
have then a contradiction.

Q.E.D. for theorem 1.1

Proposition 1.4 The vector bundle & is stable with respect to the canonical bundle Kg.

Proof Otherwise there exists2 an invertible and saturated subsheaf N of & which satisfies the
inequality N - Kg 2 (1/2) K"~ and gives a diagram of exact arrows of the following form
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0
$
N
l
(1.5) 05055 8 59 (Kg)—> 0
{
gZ(fD =97(Ks~N)

0

where Z is a 0 dimensional subscheme of S and M = Kg — N is then a line bundle on S with
the property
(1.6) M-Kg<2.
We can compare the two expressions of the Euler characteristic of the bundle & obtained from
the two above exact sequences:
18 =x(Os) + % (Kg) =2%(Os ) - 1

= X(N) + X(9z(MD) = 2x(M) — deg Z .
Hence we have the equality 1 + deg Z = 2x(M) and therefore, applying the Riemann-Roch
theorem to M and the fact that M - (Kg — M) is even, we infer that M satisfies the further
inequality:
17) M’2M-K; .
By the Indexzme%rem we have
(1.8) M Kg"- (M- KS) <0
and so, by 1.6 and 1.7, M°=M- Kg = 0. But, again by the Index theorem, this can only

happen if M=0.
Diagram 1.5 then gives a contradiction, since N = Kg . In fact there is no non zero
morphism Kg — Og nor Kg — 9 (Ky). Q.E.D.

Proposition 1.9 There exists an ample line bundle H on S such that the vector bundle & is H-
stable.

Proof If Kg is ample, it is enough to take H = KS Otherwise, let Ej, ..., E, be the
f1n1te1y many curves (=P ") on S such that Kg - E. = 0 for each i = 1, ..., .. We recall that
the intersection matrix E; - E ) is negative deﬁmte

One can easily construct an effective divisor W on S of the form W = Zi n; Ei (n; e N) such
that W - E, <0 for each i: if D is a divisor on S such that dim (supp D N supp E; D)= 0 and
D-E >0 for eachi b and 7t: § — X is the blow down of the E;s, the divisor W can be defined
by the condition T (n*D) W+ D.

By the Nakai-Moishezon criterion the divisor H; = Kg — tW is then ample for 0 <t << 1:
in fact we can assume that D is ample and this 1mp11cs
(1.10) H, KS—tW Ks—tn(n*D)+tD-

=% (KX -tn,D)+tD;
moreover, Ky — t @, D is ample for t << 1 because Ky is ample on X.

For each effective divisor M on S we decompose M as the sum M = M'+M" of two
effective divisors, where M" € < El, w.,E > and dim(M' N E; )y=0foreachi.

If, for each t, there exists a line bundle N, destabilizing & with respect to H,, then for each
t we have a diagram
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-

0

{

N

l

(1.11) 0505 586 -9 (Kg)—> 0
l

th(iVIt) =th(KS -Np

0 .

If the "oblique arrow" Og — 95 (M,) were zero, then Og C Ny, and, since both are
saturated, Og = N, contradicting N,- H, > 0.

It follows that M, is an effective divisor for each t and, moreover, that
(1.12) M, -H, ={2)Kg-H, =(1/2) KSZ— tW-Kg =

=(1/2)Ks® =2 .

ButM;,-H,;=M,-Kg -t M,"- W- tM,- W: the inequality M, - Kg< 2 would contradict
the Kg-stability of & and so we have M,- Kg (=M, - Kg) 23 and M- H, <2 foreach t. It
follows that
(1.13) tM,-W)=21
andthen 0<M,;- W=M;- W +M,"- W, where M," - W <0 by the choice of W.

Let us fix now an index t, such that H;_is ample. Then

M-H, =M;- Kg-t, W)=M;- Kg-tW-—(t,-t) W) =
=M;-H, -(t,-OM;- W<2 forO<t<t,.

This implies that {M,} is a bounded family and so the set {W -M,} is bounded too: but this is
absurd, because then the inequality W - M, > s impossible. Q.E.D.

We will now consider two examples of surfaces S of general type with Pg= 0, K52 =4,
which have a base point free bicanonical system but fail to satisfy the hypotheses of
Theorem 1.1.

Example 1.14 The Burniat surface B(2) has fundamental group m,(B(2)) isomorphic to
H&(2/22)", where H is the quaternion group of order 8 (cf. table 13 of [BPV], [Bul], [Pet]):
so 7,(B(2)) has a non trivial central extension given by H", which clearly admits an irreducible
SU(2)-representation, since the group IH admits the following irreducible SU(2)-representation,
given by
i - (—@ 0 )
0 =D

] 0 -1
i~ (i9)

0 D
k—-)(_r——(_l) 0 )

Proposition 1.15 The bicanonical system is free from base points for the Burniat surface with
K?=4.

Proof By lemma 3.3. of ([Pet], (ii) page 118) it follows that, S being a (2/22)>-Galois cover
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of the blow up Y of the plane in 5 points of which 3 lie on a line, all the sections of
HO(S,2K) are Galois invariant and are pull-backs of rational tensor 2-forms with sim;z)le poles
on the branch divisor. Hence the linear system | 2Kg | factors through the (Z2/22)"-Galois
cover and indeed through the anticanonical mapping of Y which is a birational morphism onto a
quartic weak del Pezzo surface with a node corresponding to the line containing the 3 collinear
points. QED.

Example 1,16 In [Ke], J.H. Keum gives an example of a surface S of general type with
pg =0, K2 =4 and with fundamental group 7;(S) = 24!1(2/22)2. Also here there exists
a non split central extension I of I' by Z2/22 which admits an irreducible SU(2)-
representation, since there is a surjective map y obtained as a composition

v: T »2*w@znzy -2nrz)
and as above one can pull-back by  the extension 1 - Z/22— H — (2/22)-2 —0.

Proposition 1.17 1If S is the surface in Keum's example, the bicanonical system | 2Kg | is
base point free.

Proof We recall the notation of the quoted paper. Let A = E; xE, be a product of two elliptic
curves E;= €/Z2+1;Z2 and ¢; for i=1,2 be a nonzero 2-torsion point of E;. Then the
endomorphism 0: A — A defined by
8(z,,2p) = (-z;+ €1, Zp+ €3)

induces a fixed-point-free involution on the Kummer surface K of A and the quotient surface
Y = K/0 is an Enriques surface. Keum's surface S is the minimal model of the canonical
resolution of singularities X —X of a ramified double covering X of Y; this covering X is
determined by a square root of a reduced divisor B of Y with at most simple singularities and B
is defined as follows. Let g : A — K and p: K > Y be the natural maps; we denote by Ry, Rs
(resp. Rj, Ry) the images under the composition map pq of the subsets of A of the form (a 2-
torsion point of E;) xE, (resp. of the form E; x (a 2-torsion point of E;)) and by R;, Ry, Ry,
R;1, Rg, Rya, Rg, Ry the remaining 16 exceptional lines corresponding to the 2-torsion points
of A; the lines intersect as in the picture below: //

R?
N
N R
& 2 R
R6 > R
NN 4

The branch divisor B is defined by

B = Ry#+Ry+R¢+Rg+Rg+Rp+R;+R 1, +F+G
where F, G are smooth elliptic curves belonging to the elliptic pencils 12R3+R,+R4+Rg+R ;!
and 2R +R,+Rg+Rg+R ¢l respectively. In particular, it holds
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(pq) (F)= axE,+(—a) xEy+(a+e|) xEp+(—a+e)) XE,
(pq) (G) = E; xb+E; x (-b)}+E; x (b+e)+E; x (~b+ey)
for some acE,;, be E,.

To prove the proposition, it is enough to check that the bicanonical system | 2Ks | of the
surface X has base locus consisting entirely of the exceptional curves of the first k1nd counted
with multiplicity one. Moreover, we can reduce the problem to the mspectlon of the linear
system | F+G | on Y, via the isomorphisms H (2Kx) = HO(O vy(B) = H (Oy(F+G)). This
follows since both | F | and | G | are base point free pencils. Q.ED.

§2 mth root extraction trick and change of fundamental group

In this paragraph we are going to sharpen the result of theorem 1.1, showing that the
extension appearing there can be realized by the fundamental group of a (2/22)"-Galois cover
Y of S . By pulling back & to Y, and showing that the pull back still remains stable (and not
only semistable) we shall be able to apply Donaldson's theorem to a stable vector bundle on Y
with trivial Chern classes ([Do], [Ko}).

In order to do so , we recall the mth root extraction trick, which will produce the desired Y in
the case m=2.

In the rest of the paragraph we shall explicitly describe how the fundamental group of Y can
be computed, later on we shall apply this recipe in some concrete examples.

Lemma 2.1 (mth root extraction trick) Let S be a smooth algebraic surface and f: S — P? be
a holomorphic map associated to a base point free subsystem of a linear system | D |.Let Y be
obtained as the fibre product Y =8 xp2 IP” of the prev1ous f:S —)]P2 and, for a general
ch01ce of coordmates of the mth power map g: PSP (i.e., g(yp:¥1,¥2) =
Go sy s y2 ) )

Then, if F is the natural morphism F: Y - S, F,: n;(Y) — =,(S) is surjective, and its
kemel K is cyclic of order dividing m; moreover K is contained in the centre of m,(Y).

Proof We denote for simplicity by H; (i=0,1,2) the coordinate lines on 1P2, by Dj the inverse
image of Hj under f, by C; the inverse image of D; under F, by H' the union of the Hj's, and
similarly we define D' and C'. By the genericity of the Hj's, all the above divisors have global
normal crossings, Y is smooth, F is a Galois (Z/mZ)z-cover branched on D' and totally
ramified at the singular points of D'. In particular =,(Y-C'")—x,(S-D") is a normal subgroup
with quotient group (Z/m2Z)>.

We have the following diagram of sequences

0 0
T T
(Z2Im2ZY->K/% - (Z2/m2)2 - 0
T T
(2.2) 0 5> K - n(S-D)> m(S)—0
T TF, TF,

0 - ¥ ->r(Y-C)—> mI)—-0
T T

0 0
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which are exact, with the exception of the first row. Here exactness of the middle column was
already mentioned, whereas exactness of the second and third row is standard, and the
inclusion ¥ C ¥ is obvious.

Claim 2.3 K ,% are central and with respective generators Yo,Y;,Y2 for X, Yo Y1 »¥2 for %6.

Proof of the Claim 2.3 : let v, for i=0,1,2, be a loop consisting of the conjugate (under a path
in S-D') of a small circle in the normal space to a smooth point of D; . Argueing as in theorem
1.6 of [Cal], one shows that ¥ is generated by conjugates of the v;'s, and that the ¥'s lie in
the centre of n,(S-D’).

An entirely similar argument applies to 36, since yim is obtained in Y-C' by the same procedure
by which ¥; is gotten. Q.E.D. for the claim

It is worthwhile to notice that, since ¥;, Y can be chosen to be local generators of n;(U-D")
for a suitable neighbourhood of x € Dj NDj , by looking at the local monodromy of F, we
obtain that they map to 2 generators of (Z/mZ)

By diagram chasing, the surjectivity of F, follows from the surjectivity of the map
K/%—(Z/m2Z).

Clearly K = ker (F,: n;(Y) - m;(8)) = (X n w,(Y-C))/¥, is contained in K /. But,
as we mentioned above, we have two surjective maps (Z2/m2)> — K /% —(2/m2)? such
that any 2 of the 3 standard generators of (Z/mZ)3 map to 2 generators of (Z/mZ)z‘ Hence K
is cyclic of order dividing m.

We can be more precise since in fact K is isomorphic to the kernel of /3% — (Z/mZ)
therefore K is the image of the cyclic group (2/m2Z) = kcr((Z/mZ )3 - (Z/m2)2) inside
7, (Y). QED.

Corollary 2.4 If S is simply connected, 7,(Y) is cyclic of order r where r = G.C.D. (m,d),
and d 1s the divisibility index of the divisor D (i.e., d is the order of the cyclic group
((QD(\H (S,2))/Z2D)). More generally, the kernel K always admits a surjective homomorphism
onto a cyclic group of orderr.

Proof Hypotheses of proposition 1.8 of [Cal] are satisfied. Applying this proposition, one can
see that ;(Y) is the quotient of ker ((Z2/m2Z)*>—(Z/m2Z)?) by the image of the map obtained
as the composition of (H3S,2) - HX(D,2) = Z23-5(2/m2)%. By Poincare' duality, this
image consists of the elements divisible by d and our assertion is proven.

In the general case, the above quotient represents exactly the natural image of K in H,(S-D',2)
(cf. the proof of cor. 1.7, prop. 1.8 ibidem). Q.E.D.

We can indeed prove a much more precise statement (see Th. 2.16 below), which is our
main result. If m is a fixed positive integer, the assertion in lemma 2.1 shows that (it suffices,
in general, to add to the divisor D m times a suitably very ample divisor H, such that | D+mH |
yields a finite morphism to IP2) to each divisor D on a smooth surface S we can associate a
central extension of the fundamental group of the surface by a cyclic group Z/r'Z, wherer' is
divisible by r=G.C.D. (m,d) and d is the divisibility index of D: this is the extension
describing the fundamental group of a (2/mZ )%-Galois covering of S under which the divisor
D becomes m-divisible.
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Looking now at S as a quotient of its universal covering space S, we will see that, by general
properties of the cohomology of good quotient spaces, to each divisor D and to each integer m
is uniquely associated another central extension of m,(S) by a cyclic group: we shall call the
latter the “algebraic construction” of the extension.

The key fact is that this algebraic construction yields the same extension that we obtain by
the geometrical construction of extracting the mth root of D, as it will be shown in Th. 2.16.

We firstly recall some basic facts and notation concerning the spectral sequence for the
cohomology of a quotient X = X/G by a properly discontinuous group G (see [Mu], appendix
to section 2, and [G], ch. 5).

If ¥ is a G-linearized sheaf on X and n: XX is the quotient map, one can describe the
functor TX,F)C as a composition in two different ways:

235 F - I'&F) - rXxs°

26 F o 1F)° 5 IEKn(F)°%)

The derived cohomology functors are then given with two filtrations whose associated gradings
are the limits of two spectral sequences

(2.7)  HP(GHYX,F)) =E,P4

28 HXRG n(F) =E,Y .

where HP(G, -) is the group cohomology and RG] 7. (-) denote the derived cohomology
functors of m,(—)C . If the action of G is free and gives indeed a covering space, then the
functor F — (1, F)O is exact and consequently R ', (F) =0 for each j > 0. So the
spectral sequence degenerates at E'; and the first spectral sequence converges to
HY(X, (1,F)%):

(29 HGHUXF) = H'X,(mIF)9).

Assume now that F = 25 Then (Jt,,Z)z)G =2y, thus
(2.100 HP(GHYX,Zg) = H'(X,2Zy).

If we assume moreover that HI(X,Z)'() =0, e.g. if X is the universal cover of X, the Ey L
term in the spectral sequence 2.7 vanishes and so the differential d, : Ezp’q—>E2p+2'q‘l is zero
for each q < 2. So we can say that E,P"4 = E;P for each q < 2 and, finally, that

(2.11)  dy : HP(G, HX(X,25)) - HP*3 (G, H'(X,2%))

is the only non zero map for q < 2. The edge-morphisms give then an isomorphism

(2.12) H\X,2Zy) = HY(G,2)

and an exact sequence *

2.13)  0-HXG,2) » H(X,Zy) > HAX,25° — H}G,2)

where the arrow H2(X,2y) - HZ()?,Z)'(“)G is given by the inverse image n. We similarly
have an analogous sequence for any system F of coefficients (F = 2/m2Z, @, ...) and in
particular, associated to the exact sequence 0 > mZ - 2 - Z2/mZ — 0 we have a

commutative dtagram *
0-HYG,Z) » H(X.Zy) > HYX2%)C - H*G,2)

2.14) 0-5HYG,2) » HXX.Zyx) > HXX2p° - HXG,2)
d l { l

0-H%(G,Z/mZ)-H%(X,2x/mZ)—»H*(X,25/m25)C—>H*G,2/mZ)
which is exact in the rows and in the columns.
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Algebraic construction Now let 7 X—X be the universal covering, let G be the
foundamental group of X and m be a fixed positive integer. By the universal coefficients
formula, the group H2(§,Zg) is torsion free, hence, if d is the divisibility index of a class D in
H2(X,25)C, then the image 8 € HZ(X,2/mZ)C under the map of diagram 2.14 has period
exactly m/r, where r = G.C.D.(m,d). In particular, the image 8 in Hz(i,Z/rZ)"(')G is 0. Hence
ifD e H2(§,2§)G equals n*(D) forD e H2(X,ZX), the class D maps to a cohomology class
8e HX(X,2/rZ) coming from a cohomology class 8 H%(G,2/rZ), since we must have
S=n")=0in HZ()'(V,Z/rZ)’(‘)(}. So we get:

Construction To each class D € H2(X,ZX) we can associate IS, 1, & as above, hence a unique
(up to isomorphism) central extension
2.15) 0- 2hZ2—> GO -G-0

Theorem 2.16 If Y is obtained from X via the mt root extraction trick associated to | D |, then
we have that m;(Y) = G(-8), i.e., as an extension of G = n{(X), ny(Y) is the extension
associated to —D by the "algebraic construction” described before.

Proof Let us take the fibre product Y' of the universal covering m: X — X and the mth root
extraction (2/m2)%-Galois covering F: Y — X; we have the following diagram

q ~
Y- v > X

pl . s

@.17) Y - X
'3 d m lf

p2 13} p2

where
i) 0 - 2M'2—->m(Y) > n(X)=G — 0 is a central extension and r' divides m, as we
know from lemma 2.1;
ii) p is the covering associated to Z/r'2 , sot;,(Y) = Z2/r'2 ;
iii) f ©(1) = D;
iv) (Z2/mZ)2 x T operates on Y'. The covering Y — Y'is an etale (Z2/r'2)-Galois cover
induced by the universal covering Y -Y,since T operates freely.

Let D' = D;uD,UD; and D'= 7©-1(D"), where the D,'s are the inverse image under the
map f of the coordinate lines on P~.
Then nl(X—ﬁ') =ker (7 (X-D") = (X)) = K is abelian and is generated by ¥,,Y;,Ys.

Step I We show that r=1'.

By Lefschetz's theorem =n;(D;) surjects onto 7;(X), hence (D) = ﬁiis connected and
smooth.

The map Y' — X is an abelian (2/m2)*-cover which is unramified on X-D'. Since
7, (Y’) is cyclic, it suffices to calculate the first homology group H,(Y',Z).

We proceed as in [Cal], sequel to cor. 1.7., and prop. 1.8. Here we have to apply
Lefschetz's duality as in [Dol] prop. 7.14 page 297, by which it follows that, for a manifold M
with boundary L = @M, and of dimension n, H,_;(X) = H, ;(X—9X) = H/J(X,0X) the last
group denoting cohomology with compact supports.

Hence, argueing as in loc. cit., Hl()z—ﬁ') = Hf(i, 5‘), which, by the exact sequence
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(2.18) H2X) B BAD) » HAXD) -0

is isomorphic to coker (p), X being simply connected.
Now, by Poincare' duality H 2(X) = H2(X) is a free 2- module whereas by Mayer-Vletorls
and again Poincare’ duality H_ (D )=&;H 2(D )= &8, HO(D )= 23, the D' 's being as
we mentioned smooth and connected. Thc map p is given by geometrical intersection and its
dual sends 23 - HX(X,2) by mapping each generator e, €, €3 to the class of D

Argueing as in loc. cit. and as in claim 2.3, we obtain that, if d is the divisibility mdex of D,
then firstly coker (p) is isomorphic to 2 312 (de,+de,+de;), hence secondly
,(Y") = (2/m2)/(d) = 2/r2 if r = G.C.D.(m,d) as in our notation.

Step II We can reduce the proof of the theorem to the case wherer =m.

In fact, we can factor FY 35X a Y Ey 2 By X where F' is obtained by extracting the
rthroot of D, hence F* (D) =r1L. We shall show in Step III that the divisibility of the pull back
L of L to the universal cover Z of Z is precisely d/r.

Since F" is obtained by extracting the (m/r)th root of L, it follows by step I that
7,1(Y) = 7{(Z) , thereby reducing the proof of the theorem to the case r =m

Proof of step II (Proof of the theorem in the special case r=m)

We first introduce some notation to describe explicitly the cocycles on X and X.
Let {Ua} be a sufficiently fine cover of X, such that, for each U o 1(Um) =V, Gg(V a)
where the union is disjoint and we have made a non canonical choice of Va, a connected
component of x‘l(Ua) . We shall also write, for further use,
(219) gV)=g V=V (soV =V,
and we let G act on the left.

One can observe the following facts:
a) For each (o) such that U OLr\UB # &, there exists a unique element h(e,B) of G such that
(2.20) V(a,l)nv(a.h(a,ﬁ)) 3]
b) If Umr\UB ﬁUY # @, since x is a local homeomorphism
221 B = Voram™Venapy (= h@B) - Vinppm Vi)
Hence, if G acts on the left, we have the relation
(2.22) k(oY) = h(a,B) h(B,y) for each U mUBnU z D
In particular h(B,) = h(a, B)‘
) f U nNU #Q V 1ntersects exactly V(B g h@p)) °

Therefore if (f, ) 1s a cocycle forL = GJX(D) relative to the covering {U } on X, there
exists, for the line bundle L on X such that (L Yzn (GX(D)) (whose existence is guaranteed
by our assumption), :i cocycle (f (@2)B. g h(a.B))) such that (f (@.2)B, g h(c, B))) uB
For short, we write (f .)) but we recall that g'= g h(a,p).

(o.g) (1) ™

_ (@.8)(B.g
We write 20 for a local generator of on V(u.g)’ so that
@23 2, =g OB “Bag) - e
Using the isomorphism L®"=n (L) we can assume that G acts on (L° ) by sending the

local generators (z( " g)) of (L r) one to another, i.e. foreachg € G

(2.24) ) = (z

-, T
g (Zgy oze)
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o~ ~ * —~ ~
SinceL e H/(X ,® i)G, for each g € G there is an isomorphism L — g.(L ), which we
still denote by g and which induces the above action on (I: ® D (by which (L® D) =" wn.
Hence g acts on L by

= £
(2.25) —g. Zag c(a'g) z(a‘g_g)

where ¢ satisfies the identity (c® ) =1. The constants c¢® must satisfy some
(a.8) (o.g) (.8)
compatibility condition, since

=7 3 g
Yog) T f(Okg) @) “Bg) f(u,g) X)) C(p,g') 2@z
220 g
3 = 7
Cap @2 = Sugp [@rpdEo XBae)
where g' = g h(a,B) as before. Hence:

g 7 -7 £
227 cin f(a.zgxﬁ.ggh(a,la»_‘ f @) B.sn8) S gnopyy _

The above formula shows that c® is completely determined by ¢® € p,, where
(B.gh(c.B)) (o,8)
M, is the group of the rth roots of the unity.

Since X is connected, the (:g are completely determined by one of them. Moreover, once
(@) for the bundle L such that (z
each ge G one can also choose the root z

fixed a local generator z Y is G-invariant as before, for

(o.g)
B such that the action is given by

B 2y Zapy-
In other words, we may assume:

(2.28)  cgyy =1 foreachge G.
We can now check how the composite action of (g, gz) - g1 8, fails to act as the
identity:
82 g g1 & &
Zag o) “ago®) - Gap Sagn  Zos800)

1 s’

g gx (8,27}
2.29 = S8 , _
( ) (o.g) . £28) (a,g,8y8) (%8

- ng g, ( (8182) )—l

(a.g)c(a.828) c(ot.g) Zag)

where the last equality follows by observing that we can assume:

-1 3 -1
(2.30) c? =(c ~ .
(@) ( (@(® lg>)~
By 2.27 and the connectedness of X we get then:

g & (8,8,) \~1
2.31 2 182
( ) c(a g)c(a 828) ( (a'g) ) is independent of (a,g).

This is in fact an element of H2(G, K,) classifying the extension of groups ("theta group”
extending G): by the assumption 2.28, we know that for each o:
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g 2 (glgz) -1 By
32 2 _ e
(2.32) €09 %@820) (c(a,glgzg) ) Gogy) c(gr» 82)
and we found that:
g 8
(2.33) ¢ ! = ¢ ! =c(g,g,) isindependent of a.

(a,gz) - g2

We must then explicitly write the cocycle ¢ g € H2(X,ut,) which is associated to the cocycle

By
c(gy, g) given in 2.32. We use the description proven in ([Mu], page 23) of the image of

c(g,, g») which yields the following formula:

_ h(a,B)
(2.34) Coupy = ch(B-Y) L
We want now to show that, taking Chern classes modulo r, the inverse (c(xBy) gives

exactly the Chern class of L.
_ We start by describing more explicitly this class, in terms of the chosen cocycles for L. and
L . We will use the exact sequence .

(2.35)  0- H3G.u) - HA(X 1) o HAXw)C->HGu)

obtained as in 2.13.

We can apply the thgory of spectral sequences for G-linearized sheaves discussed above to
the case F = O, Oy specializing 2.9, we get

(2.36) HP(G,HYX,0%)) = H*(X,0x)

(237)  HPG, HY(X,0R) = H*(X,0%) (since mx(®g) = Oy and n(O% ) = Ox) and an
exact sequence

1 0/ ™ 1 LA P N T 0%

(238) 0—- H(GH'(®p)»H'(X,0x) > H(X,09" S H*(G,H(O%))

In this sequence, to each G-linearized line bundle & on X is associated the "theta group” 9(&3*):
this is a central extension

2.39) 0o Aw@)=HGT%) - 9&) -G-0

classified by a(ﬁ) € H2(G, HO(O} ). In particular this applies when Bisa pull back bundle
from X.

We will firstly consider the (2mi)-twisted exponential sequence
240) 05204 £H 0,50
on X (and the corresponding on )’E) that gives rise tg the diagram
0 - HGHY®g) - H!(X,05) 5 HY(X09° - HAGHOR)

¢l ¢l . {
241) 0 - HY(G.HYOY) - HX,0) 5 H(XOC 9 HAGH(OY)
d 8 5.1 l

n*

0 - HYG,Z2) - HXX.2) = H%Z,Z)G - H¥G,2)
in which rows and columns are exact and the map & is the first Chern class: so Im J is the
Neron Severi group NS(X) of X and Im & is NSO .
On the other hand, we can consider the Kummer sequence
242) 0- p, 50Oy 50x - 0,
where by O;( —I)O;( we denote the M power (and the corresponding sequence on )'Z): the
exact sequence of cohomology groups gives then

(2.43) H'(X,0%) — H(X,0%) — HAX.n)
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and, again, we have a diagram with exact rows and colums
*
0 > HY(G,HO%) -» H! (x o%) - H(X09° - HXGHYOY)
|

rl

(2.44) 0 - HI(G,HY0%) » H'(X,0%) = H!(X,65° & H2G, ?0(0~))
l l l

0- HXGy) — HAXu) T BEw® o> HGa) .
By diagram chasing, using 2.44, we check that the Chern class < 1(L) (this is the first Chern
class ¢;(L) modulo r) of L is given by
A - 1 1/ ~r
(2.45) ¢c,(L)= fm‘3 f’37 fu_{ _ 1
= f(a.l)(ﬂ,h(a-ﬂ)) £ (B.l)(‘!.h(ﬂ.‘r))( f (a.l)(v.h(a.*!))) :

(we can take the cocycle (1/2mi)[log faB +log fm + log fw] as a representative for ¢;(L) ).

. (7T T . R . .
Since faﬂ =(f (@.2)B.gh( a.B))) the class is zero in H{(X,1,) as follows from the equality

2.46) f (0.g)(B.gh(e.B)) f (B.gh(@.B)(Y.h@m) f (c.g)(y.gh(e. )’
Hence ¢ 1(L.) is cohomologous to a class coming from H2(G,u,) in 2.35, and our claim is that

-~

-1
this class is the inverse (caﬁy) of the class ¢ By described in 2.34.
So we have to show that

A ~ -1

247) € = 0 =g 1ypnap  gomaen’ E @immen)
is cohomologous (m H2(X,u,)) to

h(a, -1 -1
(2.48) (cyqy) =(c h(((;.s)) )" = c(h(@pB)LhBY) .
where, for each g, g, &, it holds (notice that ¢ € u)

o _ . (g
3 — 8
(249 ¢ T aappasnem = uag | obaa
In particular
~ _ g_ rd
(2:50) £ ap@anet = gl @B

We shall use again the cocycle condition

= -1
@51 1=F anapy | Erasamen (L onmmen)
P
(2.52) ¢ =7 =—C0D0rGm
f napynem

which, using 2.50, gives the desired equality:
(2.53) C=7ow
h(B.y)

Step Il We must now prove that, if F: Z — X is obtained by extracting the rth root of D,
and we thus have (F' ) D)=1L, then the pull back LofLto the universal cover Z of Z is
exactly (d/r)- d1v1s1b1c if the pull back D of D 1o the universal cover X is exactly d-divisible.

We have thus Msuch that D= dM and we remark that in the previous steps we have proved
the following:
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Fact: the map f: Z - Xisa (2/r2)3-Galois cover, obtained as the fibre product of three
elementary cyclic covers f;: ? —-X (hence f is the composition of three elementary cyclic
covers). Each f; is gotten by taking the rth root of a smooth and connected divisor D
linearly eq’mvalent to D, inside the line bundle associated to the divisor (d/r)M

Since L=f" ((d/r)M) the desired result shall follow by iterated application of the following:

Proposition 2.55 Let f: Y — X be an elementary cyclic covering of connected and simply
connected complex manifolds, i.e. there is an effective smooth irreducible divisor D given by a
section G of &7, and Y is the submanifold of the total space of the line bundle associated to
&, obtained by extracting the rth root of D. Then, NS(X) denoting the Neron Severi group of
X, the map f* induces an isomorphism between NS(X) and NS(Y)z he , and in particular the
divisibility index of the class of a divisor M equals the one of £ M).

Proof: We shall argue as in lemma 4 of [Ca2], recalling that NS(X) C H2(X,ZX) is given
by the Chern classes of invertible sheaves, for which, though, we shall use the notation as for
divisors (by real abuse of notation).

First of all f. £ NS(X)—>NS(X) is given by multiplication by r, hence clearly, H? X,2x)
being free, £ is ln]CCthC

Moreover, if £ (M) = kN, then first of all Ne NS(Y) 2/r2 1y fact,
N = (1/k) £'(M), hence N € H(S,2)A@QNS(Y)2Z = NS(Y)Z/Z. In view of the exact
sequence
(2.56) 0 - H(Y,0y) SHI(Y,0y) — NS(Y) >0 ,
we can assume that, if f*(M) = kN, and M is an invertible sheaf on X, we have an
invertible sheaf N such that f (M) = N®¥, since HY(Z2/r2Z HI(Y, Gy)) 0 (thcse are
homomorphisms of Z/rZ into a C-vector space) we can achieve that Ne H! Y, O )

To N we associate the theta group of automorphisms of the line bundle assocxated to N
which cover the action of Z/rZon Y, we have thus a (non central) extension
(2.57) 0 - H%y, (9Y) - GN)—> Z2nrZ2—0.

Claim: The sequence 2.57 splits.

Assuming the claim, we obtain that there is an action of (Z/r2) on the invertible sheaf N,
and it suffices thcn to show that the invariant direct image sheaf I\, =f. (N)z/‘zls invertible,
since then N = f (). The sheaf ‘IL is clearly invertible outside the branch divisor D,
whereas, locally at D, f,0y = {Zl 0 f. (x,0) z'}, where zf = ¢, 0 = 0 being the local
equation of D, and (x,0) is a local coordmate vector for X at a point of D.

Locally a generator g of Z/rZ actson Y by z > €z, &= exp(21ti/r) and, if N is locally
trivialized with w a fibre variable, by (z, w) — (ez, ¢(x,z)w): here l_Ir O(p(x e'z) =1, since

g=1
Writing @(x,z) = Z:;:) ¢, (x) z', we obtain (po(x)r =1, hence there exists h such that
0<h<r-1 and
(2.58) ok,2)= eh (1+ZiZl (pi(x)zi) =¢h exp(ZiZl v, (x) 7).
Changing the local trivialization of N by
(2.59) w — exp (ijl a, (x) )
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we replace @(x,z) by ! exp (Z zi ( v, (x) -a (x) + ¢ a (x))), hence we may
assume y, (x) = 0 for i not divisible by r

Flnally, since @ = @(x,0), the equality H -0 (p(x glz) = 1 implies that @ = 8 . But then the
locally invariant sectrons are given by functlons L(x,z) such that {(x,e z) = eh {(x,z), hence
we can write {(x,z) =z §(x,z), thereby proving that f, (N)Z/ "2 5 invertible.

There remains to prove the claim.
Proof of the claim: We choose an acyclic cover {Ua} of X such that each inverse image
(p-l(U ) =V is also acyclic. Then V _ is defined by local equations in U x c, zar= o, , with
2= 84p %3 Bq bemg a cocycle in HY(X, @X) for B.

Then HO((S)Y) "‘HO(OX)@(éBr' H®L™)), and we have just written the ergenspace
decomposition for the action of ZrZ on Y.

Let (n ) be a cocycle for N relatrve to the cover {V } of Y: saying that
N € H1(Y © )Z/r means that, 1fn = Zr N ap Za , €= exp(2m/r), then the cocycle

- 1 i
n g™ Z [58 z,'is cohomologous to n B |

r—l r-1
(2.60) Nop= nmB = i0 Vi za) (Z o Vip (gaﬁ za) ).
The equation 2.60 is indeed equivalent to the assertion: if w, = n WB is a fibre
coordinate for the line bundle associated to N, then W, Y W, ( Y, = 21-0 Vo 2 1) lifts

the action of the generator g of 2/rZ from Y to N,

One can lift this action in a different way, just by multiplying ¥, by a global invertible
function v on Y, and what we have to show amounts to prove that we can choose v in such a
way that this action has period r. In other words, we want

2.60) T} gioy v) =1.

We notlce that ?’; = Hr ! 08 (\y ) is an invariant invertible function on V hence
= OX(U ); moreover, by the previous equation 2.60, & é and we have € € H (X (SJX)
Since X is simply connected we can choose V to be the inverse of an rth root of &, whence
H‘Og(\y v)=vT-E=1 Q.ED.

§3 Back to stable bundles and linear systems

In order to apply the previous theorem letnow ©: Y > S bea (Z/2Z)Z-Galois cover of S
as in Lemma 2.1, such that .4 (KS) 2L for a line bundle L on Y and
R*(Oy) Os @ (os(—3Ks))

Proposition 3.1 The pullback 3\:*(6) is n*(H)-stable if H is an ample line bundle on S such that
& is H-stable.

Proof By pullback under ® we have the exact sequence on Y

™ 0 —)Oy—an*saﬂn ()(nKS)—)O

Let 0 > N5 & —9,(M) - O bea HEn H) -semi-destabilizing sequence for T *SonY.
The Galois group G = (2/22) actson Y and = & has a natural G-linearization. There are
two different cases
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i) g*N' N' foreachge G;
i) g *N'2N' for some g€ G.

In case i) the line bundle inherits from 7' 8 a G-linearization and then there exists an
invertible subsheaf N of & on S such that N' == N. But then H - N = (1/4) H'N' >
(1/8) n*Ks H =(1/2) KS H and 8 is not H-stable, which is absurd.

In case ii), let us sct g N’ = N" The hne bundle N" is still a subsheaf of & and satisfies also
the equalities (N) = (N") H- -N=H -N".

By hypothesxs N' and N" are dlstmct so the map obtained as a composition
B:N" = 18 — dg(M") gives a non zero element of H (d,(M'-N")).

But div(p) - H' H-M'-H"N"<0 implies N'-H =M -H, N"=M,Z=¢.
So the bundle © 8 splits as a direct sum © *8 =N'®N" and there exists two respective global
holomorphic sections of N' and N" such that the sequence (*) has the following form

0 - OY(HL) n s (n——> ﬂ(n_l(x»(n Ks)—>0.

In particular, (n'=0) N (n"=0) =7 (x) and N'- N" = 4. But the long exact sequence of

cohomology associated to the sequence (*) gives

3
0 #* ho(g(n_l(x))(ﬂ*Ks)) < ho(n*n*Ks) = hO(Ks 23] Oy(—sz) ) = 0.
QE.D.

Since, as we saw in theorem 1.1, the canonical bundle is not 2-divisible, we consider the
(222" -Galois cover ®: Y — S of S described in Lemma 2.1 and assocmtcd to the linear
system | D | =1 3K | Then there exists a line bundle L onY such that © (Ks) 21, and
7.(Cy) = O5® (Og(-3Kg )) By Prop. 3.1 the pullback T (6) isw (H) stable for any ample
line bundle H on S such that & is H-stable. Moreover, & (6)(—L) has trivial Chern classes,
hence it gives rise to an irreducible SU(2)-representation of m;(Y) not induced by
7, (Y)-7,(S).

We get thus the theorem

Theorem 3.2 Let S be a minimal surface with pg =0, Kg?=4. Then | 2Kg| is base point
frce if,:S—s being the universal cover, either
n £Ks ) is not 2-divisible,
ii) ®# (Kg ) is 2-divisible and either its Chern class modulo 2 is trivial or it gives a central
extension

1 5222 ->T > w(8)->0
not associated to any irreducible PU(2)-representation of 1,(S).

We give now an alternative proof (using Donaldson's theorem) of the existence of an
example where m = 2, D is not 2-divisible, but 7;(Y) # m,(S).

Let A be a simple minimal abelian surface admitting a polarization L of type (1,4). Consider
now a G=(2/22)"-Galois ramified cover m: Y — A over A associated to | L | as in Lemma
2.1. The pullback of L under = is 2-divisible and n,(®y) = Og & (Og (—L))3. The map
associated to the linear system | L | is a well defined birational but not injective morphism
@ =@ L, on A (cf. [BLvS]); let Z = (x,, x,} be a subset of A such that ¢(x;) = ¢(x5).
There exists then a vector bundle € of rank 2 on S occurring as an extension
(3.3) 0 50, 58 -59,0L)-0 .
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Proposition 3.4 The vector bundle & is L-stable (since A is simple).

Proof Otherwise there exizsts an invertible and saturated subsheaf N of & which satisfies the
inequality N - L 2 (1/2) L” = 4 and gives a diagram of exact arrows of the following form

0
{
N
l
(3.5) 0 5 0y 28 59,L)-» 0
d

WO =0y, L)

0
for a suitable 0-dimensional subset of A.

The composition of maps a: N - & — 9,(L) is non-zero and so M is an effective non-
zero divisor. We have that N > M, because of thg ineqzuality
(3.6) OS(N-M)-L=(N-M) N+M)=N"-M",
and by computing the first Chern class of &, we get the equality M - N + deg W =2 which
implies that M - N <2,

Then we get M? <2 from the inequality M-L<4. )

By the hypothesis that A is s2imgle, since M’ i2s even, the onlgf posgibility is M" =2, But
then by the Index theorem M"N“<4 = N'<2 = M =N'=2,M-N=2,and
again by the Index theorem M and N differ by a topologically trivial line bundle on A: but this is
impossible, because the line bundle L is not 2-divisible on A. QE.D.

Theorem 3.7 The pullback bundle 7" (8) on Y is «"(L)-stable.

Corollary 3,8 The corresponding surjective map 7;(Y) — %;(A) between fundamental
groups has a kernel isomorphic to Z/22Z .

Proof of corollary 3.9 Otherwise, Lemma 2.1 would imply that 7,(Y) = 7,(A) = 2* and, by
Donaldson's Theorem, Y does not admit any stable rank two vector bundlf with trivial Chern
classes because every SU(2)-representation of m;(Y) is reducible. But n (L) = 2L" for some
line bundle L" on Y and the vector bundle n*(G) ®(L")_l cannot be stable, contradicting the
theorem. Q.E.D. for corollary 3.8

Proof of theorem 3.8 As in Prop. 3.1, we can assume otherwise that the bundle 1t*(8) splits
as a direct sum 1t & = N'@N" of line bundles on Y such that (N')2 = (N")2 =N N" =8 and
so by the Index theorem N' is homologous to N". In particular, by pullback under =, the
sequence 3.3 gives rise to an exact sequence on Y of the form
Y, (") *

310) 050y > 78 - ﬂ(n_l(x)) (n Kg)— 0.
where n' and n" are respective holomorphic sections of N' and N" whose divisors have no
common components and meet (tranversally) in 8 points.

Since in any case H'(A,2) = HY(Y,2), then_Pico(Y) = Pic’(A) and there exists a
topologically trivial line bundle M such that N" = N'® n*(M).
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It follows that (T, (N'@N") = n,(x &) =80, 0y =ED 8(-L). This is absurd: in
fact, being also (T, (N'®N") = n,(N')® (n.(N')® M)), for each stable quotient F in the
Harder-Narasimhan filtration of (7, (N'®N")), a corresponding quotient & ® M must also
appear (cf. [Ko], ch. 5), whereas & and 8(-L) are stable.

Q.E.D. for Theorem 3.9
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