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THE IRREDUCIBLE COMPONENTS OF THE MODULI
SPACE OF DIHEDRAL COVERS OF ALGEBRAIC
CURVES

FABRIZIO CATANESE, MICHAEL LONNE, FABIO PERRONI

ABSTRACT. The main purpose of this paper is to introduce a new
invariant for the action of a finite group G on a compact complex
curve of genus g. With the aid of this invariant we achieve the
classification of the components of the locus (in the moduli space)
of curves admitting an effective action by the dihedral group D,,.
This invariant could be useful in order to extend the results of Liv-
ingston |Liv85|, Dunfield and Thurston [Du-Th06] to the ramified
case.

1. INTRODUCTION

We study moduli spaces of curves that admit an effective action by
a given finite group G. These moduli spaces can be seen as closed
algebraic subsets M,(G) of M,, the moduli space of smooth curves of
genus g > 1. We are mainly interested in understanding which are the
irreducible components of My (G).

To a curve C' of genus g with an action by G, we can associate several
discrete invariants that are constant under deformations, such as the
topological type of the G-action, which is an homomorphism p: G —
Map(C') (see Section 2). It turns out that the locus M, ,(G) of curves
admitting a G-action of topological type p is a closed irreducible subset
of M, (Theorem [Z2)). On the other hand the action of G on C' gives
rise to a morphism p: C' — C/G =: ', a G-cover, and the geometry
of p encodes several numerical invariants that are constant on M, ,(G):
the genus ¢’ of C’, the number d of branch points yi,...,ys € C' and
the orders my, ..., my of the local monodromies. These invariants form
the primary numerical type. A second numerical invariant is obtained
by considering the monodromy p: m (C' \ {v1,...,ya}) — G of the
restriction of p to p~(C'\{y1, . .., yaq}). This is the Aut(G) equivalence
class of the class function v which, for each conjugacy class C in G,
counts the number of local monodromies which belong to C and is
called the v-type of the cover.
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By Riemann’s existence theorem and the irreducibility of My 4, the

irreducible components M, ,(G) with a given primary numerical type
are in bijection with the quotient of the set of the corresponding mon-
odromies p modulo the actions by Aut(G) and Map(g',d).
Here Map(g',d) is the full mapping class group of genus ¢’ and d un-
ordered points. Thus a first step toward the general problem consists in
finding a fine invariant that distinguishes these orbits, or equivalently
the above irreducible components.

In this paper we introduce a new invariant ¢ for G-actions on smooth
curves and we show that when G = D,,, the dihedral group of order 2n,
¢ distinguishes different irreducible components M, ,(D,,), therefore &
is a fine invariant in this case.

Our invariant includes and extends two well known invariants that

have been studied in the literature: the data of the conjugacy classes
Ci,...,Cq C G of the local monodromies (modulo the action of Aut(G)
and up to permutation), the v-type of the cover (also called shape
in [FVO1], cf. Def. BH); the class in the second homology group
Hy(G/H,Z) (modulo the action of Aut(G/H)) corresponding to the
unramified cover p': C/H — C’, where H is the normal subgroup of G
generated by the local monodromies.
These invariants, which refine the primary numerical type, provide a
fine invariant under some restrictions, for instance when G is abelian
and when G is the semi-direct product of two finite cyclic groups acting
freely (as it follows by combining results from [Cat00], [Cat10], [Edm I
and [Edm II]). However, in general, they are not enough to distinguish
irreducible components M, ,(G), as one can see already for non-free
D,,-actions (see Lemma [0.§)).

The construction of € is similar to the procedure that, using Hopf’s
theorem, associates an element in Hy(G, Z) to any free G-action on a
smooth curve. For any finite group G, let F' be the free group generated
by the elements of G and let R < F be the subgroup of relations, that
is G = F/R. For any ¥ C G, union of non trivial conjugacy classes,
set Gy, be the quotient group of F' by the subgroup generated by [F, R]
and abe~1b7! € F, for any a € X, b,c € GG, such that ab = be. Here
we denote by ¢ € F' the generator corresponding to g € G. To a
given G-cover p: C' — (' we associate the set ¥ of elements which
stabilize some point of C'. Upon the choice of a geometric basis for
the fundamental group of the branch complement C’\ {1, ..., yq} our
cover is given by an element v = (cy, ..., ¢4 a1, b1, ..., ay,by) € G2
satisfying certain conditions (a Hurwitz generating system), where the
first entries correspond to the local monodromies. Thereby > = 3, is
the union of the conjugacy clas/sgs of the ¢;’s. The tautological lift v

of vis (G1,...,¢q;a1,b1,...,ay,by). Finally, define e(v) as the class in
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Gz of

It turns out that the image of €(v) in (Gy) /mn(q) is invariant under
the action of Map(g',d) (Proposition B.6). Moreover the v-type of v
can be deduced from (v), as it is essentially the image of ¢(v) in the
abelianized group G¥ (see the Remark after Def. 3.9).

In order to take into account also the automorphism group Aut(G),

we define
u_
G- = | |2GZ’

the disjoint union of all the Gx’s. Now, the group Aut(G) acts on G"
and we get a map

g: (HS(G ¢, )/ aunc)) [ map(era) = (G)/ ausic)

which is induced by v — &(v). Here we denote by HS(G;¢', d) the set
of all Hurwitz generating systems of length d + 2¢'.

Finally, we prove that, when G = D,,, the map ¢ is injective (The-
orem [5.1]), thus the invariant € is a fine invariant for D,,-actions. This
completes the classification of the irreducible components M, ,(D,,) be-
gan in [CLP11].

When ¢’ = 0 our Gy, is related to the group G defined in [EVI1]
(Appendix), where the authors give a proof of a theorem by Conway
and Parker. Roughly speaking the theorem says that: if the Schur
multiplier M(G) (which is isomorphic to Hs(G,Z)) is generated by
commutators, then the v-type is a fine stable invariant, when ¢’ = 0.
Results of this kind, when ¢’ > 0 but for free G-actions and any finite
group G, have been proved in [Liv85] and [Du-ThO06]. This time the
fine stable invariant lives in Hy(G,Z)/ aut(c)-

The natural question that arises is whether our é-invariant is a fine
stable invariant for any finite group G and any effective G-action on
compact curves.

The structure of the paper is the following. In Section 2 we introduce
the moduli spaces M, (G) and M, ,(G). Using Riemann’s existence the-
orem, we reduce the problem of the determination of the loci M, ,(G)
to a combinatorial one. This leads to the concept of topological type
and of Hurwitz generating system. In Section 3 we define the function
g, the groups Hs»(G) and we prove some properties. The object of
Section 4 is the computation of Hyx(D,,). These results are all used
in Section 5 where we prove the injectivity of é when G = D,,. In
the Appendix we collect some results about mapping class groups and
their action on fundamental groups. We use these results in the proof
of Theorem B.11
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2. MODULI SPACES OF (G-COVERS

Throughout this Section ¢ is an integer, g > 1. The moduli space
of curves of genus ¢ is denoted by M,. For any finite group G, M,(G)
is the locus of [C] € M, such that there exists an effective action
of G on C. For any [C] € M,(G), the quotient morphism p: C' —
C/G = C" is a Galois cover with group G, a G-cover, well defined up
to isomorphisms.

Riemann’s existence theorem allows us to use combinatorial methods
to study G-covers, since p determines and is determined by its restric-
tion to C"\ B, where B={y;, ..., yq} C C"is the branch locus of p.
Fix a base point yy € €'\ B and a point zg € p~*(y9). Monodromy
gives a surjective group-homomorphism

(1) p:m (C'\B,y) — G

that characterizes p up to isomorphism.
Let us recall that a geometric basis of m(C’\ B, yy) consists of
simple non-intersecting (away from the base point) loops

717"'77d7a17617'"7049/769/

such that we get the presentation

d g
7T1<C,\B, yO) = <717 <oy Vd Oélv/Bh 7ag/7/8g’| ny]H[au/BZ] = 1>
1 1

Varying a covering in a flat family with connected base, there are
some numerical invariants which remain unchanged, the first ones being
the respective genera g, ¢’ of the curves C, C’, which are related by the
Hurwitz formula:

@) 2g- 1 =[G~ 1)+ (=0, mei=ord(u()

Observe moreover that a different choice of the geometric basis changes
the generators ~;, but does not change their conjugacy classes (up to
permutation), hence another numerical invariant is provided by the
number of elements p(v;) which belong to a fixed conjugacy class in
the group G.

We formalize these invariants through the following definition.

Definition 2.1. Let G be a finite group, and let ¢’,d € N. A ¢, d-
Hurwitz vector in G is an element v € G429 the Cartesian product of
G (d+ 2¢')-times. A ¢, d-Hurwitz vector in G will also be denoted by

v="_(C1,...,¢q; a1,b1,...,ay,by).
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For any i € {1,...,d + 2¢'}, the i-th component v; of v is defined as
usual. The evaluation of v is the element

d g
ev(v) = ch . H[ai,bi] €eqG.

A Hurwitz generating system of length d+2¢" in G is a ¢, d-Hurwitz
vector v in GG such that the following conditions hold:
(i) ¢; # 1 for all 4;
(ii) G is generated by the components v; of v;
(iii) TT7 ¢ - IT§ las, bi] = 1.
We denote by HS(G;¢',d) C G2+ the set of all Hurwitz generating
systems in G of length d + 2¢’.

Notice that, once we fix a base point yo € C" \ B and a geometric
basis of m(C" \ B, ), there is a one-to-one correspondence between
the set of Hurwitz generating systems of length d 4+ 2¢’ in G and the
set of monodromies p as in ().

Topological type. We recall a result contained in [Cat00], see also
[Cat08].

Define the orbifold fundamental group 7¢"°( C'\ B, yo;my, ... my) as
the quotient of 7 (C"\B, yo) by the minimal normal subgroup generated
by the elements (;)™. Then, if p: C' — C" is a G-covering as above,
we have an exact sequence

orb

1-)71'1(0,1’0)%71’1 (C'\B,yo;ml,...md)—)Gﬁl

which is completely determined by the monodromy, and which in turn
determines, via conjugation, a homomorphism

p: G — Out’(7(C, zy)) = Map(C) := Dif fH(C)/Dif f°(C)

which is fully equivalent to the topological action of G on C.

By Lemma 4.12 of |[Cat00], all the curves C' of a fixed genus g which
admit a given topological action p of the group G are parametrized by
a connected complex manifold; arguing as in Theorem 2.4 of [Catl10]
we get

Theorem 2.2. The triples (C,G, p) where C is a complex projective
curve of genus g > 2, and G is a finite group acting effectively on
C with a topological action of type p are parametrized by a connected
complex manifold Ty , of dimension 3(¢'—1)+d, where ¢’ is the genus
of C' = C/G, and d is the cardinality of the branch locus B.

The image M, ,(G) of Tyq,, inside the moduli space M, is an irre-
ducible closed subset of the same dimension 3(¢' — 1) 4 d.

Obviously, composing p with an automorphism ¢ € Aut(G), i.e.
replacing p with p o ¢, does not change the subgroup p(G) C Map(C).
In particular, M, ,(G) = My o, (G), and similarly Ty.c., = Tg.c,po0-
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Notice that My(G) = U, My,,(G), hence the components of M,(G)
are in one-to-one correspondence with a subset of the different topolog-
ical types. So, the next question which the above result motivates is:
when do two Galois monodromies gy, 19 : 70 (C'\ B, yo; my, . . . ,mg) = G
have the same topological type?

The answer is theoretically easy: the two covering spaces have the
same topological type if and only if they are homeomorphic, hence if

and only if py and po differ by:

e an automorphism of G;
e and a different choice of a geometric basis. This is performed
by the mapping class group

Difft(C', B)
= Dif f(C",B)

To reformulate these conditions in terms of Hurwitz generating sys-
tems, notice that Aut(G) acts on HS(G;¢',d) componentwise, and
Map(g',d) acts on HS(G;¢',d)/ aut(c)- The latter action is given by
the group homomorphism Map(g¢',d) — Out (71 (C"\ B, 1)) and the
identification between monodromies p and Hurwitz generating systems.
Theorem then implies that there is a bijection:

{MQW(G) with g/, dﬁxed} <—— (HS(G, g/, d)/Aut(G)) /Map(g’,d) .

In the next sections, we will also use the action of the unpermuted
mapping class group

Map*(¢',d+ 1) :== Map"(C", BU {yo})

on HS(G; ¢, d), where Map“(g’,d+ 1) consists of diffeomorphisms in
Dif fT(C") which are the identity on B U {yo}, modulo isotopy. For
any vy, vy € HS(G;¢',d), we write v; ~ vy when they are in the same
Map"(¢',d + 1)-orbit. While, v; &~ v, means that they represent the
same class in (H S(G;g',d)/ Aut(g)) [ Map(g,a)- Clearly vy ~ vy implies
V1 = V.

The mapping class group Map(¢', d) acts on HS(G; ¢, d) only up to
conjugation, but, since we are interested in classifying Hurwitz gener-
ating systems up to Aut(G), we will also use the notation ¢-v, meaning

@ - [v], with ¢ € Map(g',d) and [v] € HS(G; ¢, d)/ auvc)-

Map(g',d) :

3. THE TAUTOLOGICAL LIFT

In this section we give the construction of our invariant in several
steps. Having defined a suitable group Gy, for any ¥ C G union of
non-trivial conjugacy classes, we go on to a map e, which associates
to each Hurwitz vector v (with ¢; € ¥) an element €(v) € Gy. Any
automorphism f € Aut(G) induces an isomorphism fs: G — Gy,
hence Aut(G) acts on the disjoint union G~ = [[; Gx. We show two
key properties of ¢:
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o it is Aut(G)-equivariant (Lemma [3.5)), hence it descends to a
map
£: HS(G; ¢, d)/ aurcy = G/ aut(c) ;
e ¢ is constant on the orbits of the mapping class group Map(¢’, d)
(Proposition [B.6)).
Therefore € descends to our invariant € which is formalized by the
function

e (HS(G; ¢, d)/ aunc)) [ Maptgr.ay = G/ awcy, V9. d,

induced by . We conclude the section with the study of general prop-
erties of the invariant that are relevant to this work.

Since our construction is inspired by Hopf’s description of the second
homology group Hy(G, Z) [Hopf], we begin by recalling this. For a finite
group G, fix a presentation of G:

l1-R—-F—->G-—>1,

where F'is a free group. Then there is a group isomorphism (cf. [Bro|):
RNI[F, F)
[F, R]

If v=(ay,bi,...,ay,by) € G¥ satisfies H“i’/ la;,b;] = 1, then we can
associate a class in Hy(G, Z) in the following way: choose liftings a;, l/); €
F of a;,b;, then [[7[@,b;] € RN [F,F) and its class in Rgﬁf} gives
an element of Hy(G,Z), according to ([B]). Clearly, this element does
not depend on the various choices, moreover it is invariant under the
action of the mapping class group, thus giving a topological invariant
of v.

The topological meaning of this invariant is the following. If the
G-action on C' is free, the covering p: C' — (C’ is étale, and hence
it corresponds to a continuous function Bp: C' — BG, up to homo-
topy. Here BG is the classifying space of G. The topological invari-
ant is simply the image Bp.([C’']) € H2(BG,Z) = Hy(G,Z) of the
fundamental class [C'] € Hy(C’,7Z) of C" under the homomorphism
Bp.: Hy(C',Z) — Hs(BG,Z) induced by Bp. Now, if we view C’ as
an Eilenberg-Mac Lane space K (m(C"), 1), then the fundamental class
[C"] is given by

(3) Hy (G, 7) =

/

g
[Tl 8] € Ha(mi(C), Z)
1
where as usual aq,1,..., a4,y is a geometric basis of m(C’) and
a;, B; are liftings to the free group of a presentation of m1(C"). So,

/

Bp.([C") = [[1@. bi] € Hx(G, Z),

1
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where a; = p(;), b = p(B;) and p: m(C') — G is the monodromy of
p: C — C".
From now on, F' = (§|g € G) is the free group generated by the

elements of G. Let R < F' be the normal subgroup of relations, that is
G=2=

R

Definition 3.1. Let GG be a finite group and let F', R be as above. For
any union of non-trivial conjugacy classes ¥ C G, define

Ry, = (([F, R],&i)é*li)’l |Va € 3, ab = bc)) ,
F
= T
The map a — a, Va € GG, induces a group homomorphism «: Gy, — G.
Set Ky, = Ker(a).

Lemma 3.2. With the notation as before, the following holds. Ry, C R

and Ky, = R%:. In particular Ky is contained in the center of Gx, and

the short exact sequence

Gx

1—>£—>G2—)G—)1
Ry,

1s a central extension.

Proof. [F, R] C R because R is normal in F' and moreover abe bl € R
for any a, b, c € G with ab = bc, therefore Ry, C R. By the definition of

o we have that Ky = R—};. Finally, Ky is in the center of Gy, because

[F,R] C Ry. O

The morphism «: Gy — G has a tautological section G — Gy,
a — a. This map is not a group homomorphism in general, but every
element £ € Gy can be written as gz = zg, with ¢ = «(§) € G and
z € Ky. Here, by abuse of notation, a denotes also the class of a € F

in GZ = F/RZ
Lemma 3.3. Let a,& € Gy. Suppose that a is conjugate to & in Gy
and that a € 3. Then £ = a(€).

Proof. Let bz be a conjugating element, that is abz = Bz&. As z € Ky,
it commutes with any element, hence

(4) ab = bE .
Now apply « and obtain: ab = ba(§). By assumption a € ¥, hence by
definition of Gy, we have that ab = ba(€). Now using (@) we deduce

¢ = a(f). O
Definition 3.4. Given a ¢', d-Hurwitz vector

v="_(c1,...,ca;a1,b1,...,ay,by)
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in G (cf. Definition 2.7]), its tautological lift, v, is the ¢, d-Hurwitz
vector in Gy, defined by
0= (C/\17"'7é;l;d\17b17"'769\/7bg’>

where the factors are the tautological lifts of the factors of v.

Given a ¢, d-Hurwitz vector v in G with ¢; # 1, Vi, we denote by ¥,
the union of all conjugacy classes of G containing at least one c;.

For any v as before, set

d g’
ew) =116 ]]@ bl €Gs,.
1 1
the evaluation of the tautological lift ¢ of v in Gy, (cf. Definition 2.T]).
Lemma 3.5. Let G be any finite group, and let ¥ C G be any union

of non trivial conjugacy classes. Then we have:
i) any f € Aut(G) induces an isomorphism fs: Gs, = Gyx);
i) e(f(v)) = fe(e(v)), Vf € Aut(G) and Yv a ¢, d-Hurwitz vector
with ¢; # 1, Vi, where ¥ = 33,,.
Proof. 1) f € Aut(G) lifts to an automorphism f € Aut(F) defined by

~ —_

f:aw— f(a).
We have: f(R) C R, and moreover

fabe b = F@imie Fo)
for any a,b,c € G. If a € 3, then f(a) € f(X) and hence

—_— -1 — -1

fa)f)f(c) f(b) € Ry
ii)

Now, define

GY = HEGZ,

and regard € as a map ¢: HS(G;¢',d) = G, v — ¢(v) € Gyx,. Then
the previous lemma means that € induces a map

g: HS(G; ¢, d)/ auc) = (G) / aurc) -
We have the following
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Proposition 3.6. For any ¢',d € N, € is Map(q', d)-invariant, hence
it induces a map

& (HS(G: g, d)/ aunc)) [ map(e .y = (G7) [ aurc) -
To prove this proposition we need some preliminary results.

Lemma 3.7. Let 3, be associated to a ¢',d-Hurwitz vector v as in
Definition[3.4) If the Hurwitz vector v’ is related to v by an elementary
braid move, then e(v) = e(v').

Proof. Tt suffices to consider the case ¢ = 0, d = 2 and the braid move
associated to o;. Then

v=(c1,c), v = (cac3'c100).

In Gy, we have, thanks to ¢, € ¥, ¢;¢co = ca(cy  cic,), and the relations

of Gy,

—
A~ A~

e(v) = 66 = Gac;y ey = (V) .

Lemma 3.8. If {,n € Gy, then
& = |al©).al)] .

Proof. Write £ = Oz/(z)z and n = Oz/(;)z' with 2,2’ in Ky, hence central
(Lemma [3.2). Then the conclusion is immediate. O

Proof. (Of Proposition B.6l) Let ¢ € Map(g’,d). Thanks to Lemma
[3.7 it suffices to consider the case that ¢ is a pure mapping class, i.e.
that ¢ does not permute the conjugacy classes associated to the local
monodromies. Using Lemma [3.0 i), we can further ignore the action
of G by conjugation and pretend that Map(g’,d) acts on HS(G; ¢, d).

Since ¢ is a pure mapping class, v; ~ (p-v); and similarly v; ~ (¢-0);
(by Lemma [3.3)), for i = 1,...,d, where ~ means conjugation.

By Lemma 3.3 for i =1,...,d, we have:

(0)i ~ (- 0)i = (¢-0)i = allp-0)).

Now notice that the morphism « (Definition B.1]) is equivariant under
the action of the mapping class group in the following sense: consider
the factorizations as a map from the free group on d+2¢’ generators to
Gy, resp. GG, and the mapping class group as a group of automorphisms
of this free group. Then « is equivariant, since such automorphisms
act by pre-composition.

By the equivariance of «

a((p-0)) = (¢ v)s
Hence, fori=1,...,d,
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By Lemma [B.8 we may change also the entries (¢ - 0);, i > d in the

commutators to a((p-9),) = (¢ - v); without changing the value of the
commutators. Hence

(g ) = (@) = (p-v).
By the invariance of the evaluation under the mapping class
e(v) = ev(d) = ev(p-0)
and we have proved our claim. O

Definition 3.9. Let v € HS(G; ¢',d) and let v(v) € @&¢Z(C) (C runs
over the set of conjugacy classes of GG) be the vector whose C-component
is the number of v;, 7 < d, which belong to C.

The map

v: HS(G;¢',d) — @cZ{C)
obtained in this way induces a map
v: HS(G; g, d)/ auic) = (BeZ(C)) | aut(c)

which is Map(g', d)-invariant, therefore we get a map

v (HS(Gig',d)/ au) [maptea) = (8Z(C))/ auc) -
For any v € HS(G; ¢, d), we call ©(v) the v-type of v (also called the
shape in [FV91]).

Remark 3.10. Let v € HS(G;¢',d) and let ¥, C G be the union of
the conjugacy classes of v;, j < d. The abelianization G%bv of Gy, can
be described as follows:

Gg‘i = EBCCEZ<C> © @QGG\EUZ<9> )

where C denotes a conjugacy class of G. Moreover v(v) coincides with
the vector whose C-components are the corresponding components of
the image in G¥ of e(v) € Gy, under the natural homomorphism
va — G%lz
Definition 3.11. Let X C G be a union of non-trivial conjugacy classes
of G. We define

Hy5(G) =ker (Gy, — G x G¥)

where Gy, — G x G¥ is the morphism with first component « (defined
in Definition B1) and second component the natural morphism Gy, —

GY.
Notice that

Hy(G,Z) = ROIF F] =~ ker (U’—F;%] — G x ng) :

In particular, when ¥ = 0, Hy»(G) = Hy(G,Z).
The next result gives a precise relation between Hy (G, Z) and Hs 5, (G).
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Lemma 3.12. Let G be a finite group and let > C G be a union of
nontrivial conjugacy classes. Write G = % and Gy, = Riz;' Then, there
18 a short exact sequence
RE N [Fa F]
[F, R]

In particular Hy 5 (G) is abelian.

Proof. We first define the morphism Hy(G,Z) — Hy 5 (G).
By Hopf’s Theorem we identify Hs(G,Z) with RBU[%F} (cf. [Bro]). On
the other hand we have:

1 — — Hy(G,Z) = Hyx(G) — 1.

Hy5(G) = Ker (G, — G) N Ker (Gy — G) = Rﬂ A (G, Gl
>

By Lemma B2 Ry C R. The homomorphism R N [F,F| — R_};’
r +— 1Ry, takes values in Hyx(G). Moreover it descends to a group
homomorphism Hs(G,Z) — Hs5x(G) because [F, R] C Ry.

To prove the surjectivity, let

R
aRy € —— N [Gyx, Gy
Ry,

Since aRy € [Gy,Gx] = %, we may assume a € [F, F|. From
aRys, € £ we have aRy, = rRy, for some r € R. Since Ry, C R, we

Ry’
deduce that a € R and so the surjectivity follows.

The kernel of the morphism so defined is RZ[;[}%F].

Since Hy(G,Z) is abelian, so is Hy »(G). O

Proposition 3.13. Let vy, v € HS(G; ¢, d) be two Hurwitz generating
systems in G with the same v-type. Then 3, = ¥, =: 3. Moreover,
if ev(v1) = ev(ve) € G, then the element

e(v)) ' e(v) € Hox(G)
18 invariant under the group m(g', d) of isotopy classes of orientation-
preserving diffeomorphisms of the pair (C', B) that fix yo. In particular:

(1) if viand vy are equivalent then the element is trivial;
(2) if the element is non-trivial, then vy and vy are in-equivalent.

4. COMPUTATION OF Hsx(D,,)
In this section we derive a complete description of Hs x(D,,).

Proposition 4.1. Letn € N, n > 3. Then we have:
(i) Ho(Dy,,Z) is trivial if n is odd and it is isomorphic to Z /27 if
n 1S even,
(i) the natural action of Aut(D,) on Hy(D,,7Z) is trivial.
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Proof. (ii) This claim follows directly from (i) and from the fact that
the neutral element of Hy(D,,,Z) is fixed by the action of Aut(D,,).
(i) Identify D,, with the subgroup of SO(3) generated by

COS%T —sin%7r 0 -1 0 O
r = | sin 27” coS 27” 0 and y:=10 1 0
0 0 1 0 0 -1

Let u: SU(2) — SO(3) be the homomorphism ¢ +— R,, where we
identify SU(2) with the quaternions ¢ € H of norm 1, R® with I'mH,
and R,(z) = qxg. Consider the binary dihedral group D, = u~*(D,,).
It fits in the following short exact sequence:

(5) 1—2/2Z — D, — D, — 1,

from which we get the 5-term exact sequence (see e.g. [Bro|, pg. 47,
Exercise 6):

(6)
Hy(Dy) — Hy(Dy) — (H1(Z/2Z)),, — Hi(Dy) — Hi(D,) =0,

where all the coefficients are in Z and (H,(Z/2Z)), is the group of
co-invariants under the D,-action on Z/27Z induced by conjugation by
D,,, hence (H\(Z/2Z))p, = Hi(Z/2Z) since Z/2Z is in the center of
D,,.

We have that Hy(D,) = {0}, since D, is a finite subgroup of SU(2) =
S3 (see [Bro] II pg. 47 , Exercise 7). Next, recall that, for any group
G, H,(G,Z) is isomorphic to the abelianization G* (see [Bro] pg. 36),
hence ([6]) reduces to

0 — Hy(D,) = Z/27Z — D¥® — D® - 0.

To conclude we show that Ker(D® — D®) = {0} if and only if n is
even. With the imaginary units 4, j, k € H let

™

£ = cos (—) + k- sin (z) ceu(z) and n=j€cu(y).

n n

Since [¢4,n] = &%, VI, we see that, if n is odd, " ¢ [[)"’[)"]3 but

u(§™) = 1 and hence Ker([)gb — D) # {0}. When n is even, D =
Z)27 x 7./27 and the map D% — D is an isomorphism. O

Using Lemma 3.2 from [Wie|, we deduce the following

Corollary 4.2. Let n € N, n > 4 even. Then, the binary dihedral
group D, is a Schur cover of D, and the exact sequence (Bl) identi-
fies Z)27 with Hy(D,,,Z). In particular, for any (a1,b1,...,ay,by) €
(D)% with TT{ [ai, b] = 1, the image of [T{ [@,bi] € RN[F,F] in

Hy(D,,7) = R[r;%[i;f} is given by H?, [a;, b;], where a;,b; € D, are lift-

mngs of a;, b;.
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Corollary 4.3. Let > C D, be the union of non-trivial conjugacy
classes, 3 # 0. Then Hyx(D,) = {0} in the following cases: n is odd;
n 1s even and Y contains some reflection; n is even and X contains the
non-trivial central element. In the remaining case, Hy 5 (D)) = Z/2Z.

Proof. If n is odd, then Hy(D,,Z) = {0} and hence Hyx(D,) = {0}
for any 3 (Lemma B.12).
-1

If n = 2k and ¥ contains some reflection, say y € 3, then garg—tak €
Ry, N [F, F]. But the image of this element in Hy(D,,Z) is not triv-
ial (Corollary E.2), hence Hsx(D,) = {0} (Lemma B.I2). The same
argument works if zy € 3.

Assume now n = 2k and ¥ € ¥. Then z*gjz* IA_ € Ry N[F, F]
and its image in Hs(D,,Z) is not trivial, hence Ho g( n) = {0} also
in this case.

Finally, if n = 2k and ¥ C Z/nZ \ {«*}, then

-1 —_—— 11

Ry = ({[F,R), 75207 2P, Zafyzn—o 1Py |a" € ).

1
First we note that the image of z®zfz® 28 in Hy(D,,Z) is 0. Sec-

—1—-1

ond, the elements Eaxﬁy;ﬁ*\o‘ 2Py generate an abelian group mod-
ulo [F, R]. Last, the intersection of this subgroup with [F, F|/[F, R] is
generated by elements represented by
e————1—-1 —_——  ~—1—-1
rorByzn—e  zhy CoanTexTyxe xvy
It remains to show that these are trivial modulo [F, R}, in fact

11 —_— 1
= xﬁy TorByzn—o CoanTaxTyxe xvy
T -1~ T ~—~—1—1

Py o Y a:’Yy:ca 'y

—1 — — —1

= 28y x* 2Py vy VP P e xvy
NS -~ >
€R
= 2Py Py avy xrB xe xvP T VY
—_— —  ~ —1 5
= 27y 27 B o 7P ¢ T ry
— o — 1

—~—1

= g7 B & B g«

This last element is trivial modulo [F, R] as noted first. We deduce that
BolILE] — 10} and hence Hyx(D,) = Hy(D,, Z) = Z,/2Z, by Lemma

el

g
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5. THE INJECTIVITY OF € WHEN G = D,,

Recall the following
Notation. For any Hurwitz vector v = (c1, ... ,ca;a1,b1, ... ,ay,by) €
Gd+2g”

d g
=1L 11les:t
=1 j=1
while, if ¢; # 1, Vi, e(v) = ev(d) € Gy,, where © € (Gyx,)*% is the
tautological lifting (Definition [3.4]).

In this section we prove the following

Theorem 5.1. Let G = D, the dihedral group of order 2n. Then,
Vg, d, we have:

(i) €: (HS<G§ g, d)/Aut(G)) [ Map(e',a) = (G)/ aur(c) is injective;
(i) the image Im(&) is the inverse image of Im(V).

To prove (i), let [v1]~, [V2]x € (HS)/~ with é([v1]~) = €([v2]~). Then
there exists an automorphism f € Aut(G) such that f(%,,) = X,, and
f(e(v1)) = e(vy). Hence, by Lemma B, we assume without loss of
generality ¥, = 3,, = ¥ and e(v;) = &(v), in particular

8(1)1) . 8(1}2)_1 =0¢€ Hg,g(G) .

The outline of the proof is now the following. We address the follow-
ing mutually exclusive cases: ¥ = () (the étale case); 3 # () and contains
some reflection; ¥ # () and does not contain reflections. In the first
case, for each element of HS, we determine a normal form with respect
to =, then we show that two different normal forms are distinguished
by Hy(D,,Z) (recall that Aut(D,,) acts trivially on Hy(D,,,Z)). In the
second case we will show that all Hurwitz generating systems with the
same numerical invariants (n, ¢’ and v-type) are equivalent with re-
spect to ~ (this agrees with the fact Hy x(D,) = {0} in this case) In
the last case, for every v € HS, we determine a normal form v’ with
respect to ~. We see that two different normal forms v} and v} have
different invariants, e(v]) # e(v}) € Gx. Finally we prove that v, ~ vq
if and only if 3f € Aut(D,,) such that f(X) =X and f(e(v])) = e(v}).
From this (i) follows. We refer to [CLP11] for a useful description of
Aut(D,,).

To prove (ii), we observe that for any V € I'm(7) there are at most
two elements of (GV)/ auye) with image V. This follows from the classi-
fication of the possible normal forms. The claim is now a consequence
of the fact that any normal form is realized as Hurwitz generating
system of some D,,-covering.

Case 1: X = () (the étale case). In this case Hox(D,,) = Ha(D,, Z),
sov € HS(D,) implies e(v) € Hy(D,,,7Z). In the following, we identify
Hy(D,,Z) = 7/27Z = {0, 1}, when n is even. Then we have:
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Proposition 5.2. Let n,g' € N with n > 3, ¢ > 0. Then, for any
ve HS(Dy;g'), we have:
(i) v (y,1,2,1,...,1), if n is odd or if n is even and £(v) = 0;
(ii) v ~ (y, 22, 2,1,...,1), if n is even and e(v) = 1.

Proof. Let

T = v (mod Z/nZ) € (Z)27)%" .
Notice that v € HS(Z/2Z;g"). Since the parameter space for étale
Z]2Z-coverings of curves of a fixed genus is irreducible (see [Catl0],
Thm. 2.4, or [Cor87], or [DM] Lemma 5.16), there exists ¢ € Mapy
such that ¢ -7 = (1,0, ... ,0). Hence

o-v=(z"y, 2™, ... 2% a™).

The condition ev(¢ - v) = 1 implies that 2m; = 0 (mod n). Hence
my =0 or m; =% (mod n).
In the first case, which is the only possible if n is odd,

o v=(z"y 1,2%, . 2l ™).

Consider now v’ := (z2,2™2, ... 2% 2™). Asv' € HS(Z/nZ;g' —1),
from the irreducibility of the parameter space of étale Z/nZ-coverings
of curves of a fixed genus we deduce that 3¢’ € Mapy,_; such that
o v = (221, ...,1), with (\,n) = 1 ([Cat10], [DM]). Now, from
Proposition it follows that 3 € Map, such that

Yev=(z"y, 1,221, ... ,1).

We obtain the normal form (i) after operating with Aut(D,,). The fact
that e(v) = 0 follows from a standard computation (cf. Corollary [.2]).
If m; = 2 (mod n), we have two subcases: (z2,z™2, ... Lt M) =
7.,/nZ (which is the case when n/2 is even), or (x/2, ™2 ... 2 2™¢) =
(x?). Proceeding as in the case m; = 0 we reach the normal form (ii)
in the first subcase, otherwise we obtain (z‘ly, 2,22 1, ... ,1) in the

latter subcase. In the latter case, consider the transformation
(7) (a1, b1, a2,bs) = (agay, by, biashy ", asbsashy')

which is realized by Map, as it preserves the relation Hf[ai, Gil =1,
then extend it to I, using Proposition and apply the transforma-

tion so obtained to (z“y,z2,2%,1, ... ,1). We obtain:

v (202,25 2% a1 ).
Since Z/nZ = (x%,z?), there exists v € Map, such that ¥ - v ~
(z9%%y, 23, 2,1, ... 1), therefore we obtain the normal form (ii). In
both of these subcases we have £(v) = 1 (cf. Corollary £.2)). O

Case 2: Y. # () and contains some reflection.

Let v = (c1, ... ,ca;a1,b1, ... ,ay,by) be a Hurwitz generating sys-
tem such that {ci, ... ,cq} contains some reflection, actually an even
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number because any product of commutators in D,, is a rotation. If
n is odd, all the reflections belong to the same conjugacy class, while
when n = 2k they are divided into two classes. Denote by v, (resp.
Vyy) the number of ¢;’s in the class of y (resp. xy). As the pair
(vy, Vay) 1s not Aut(D,,)-invariant, we define 14, 1, by the property that
{v1,v2} = {vy, vy}, 1 < 1 (in [CLP11] we used the notation h for vy,
k for v5). Recall that, under the above hypotheses, Hsx(D,) = {0}
(Corollary 3]). Indeed we prove that all the v’s with fixed ¢/, d, n, ¥
and {v, 15} are equivalent each other.

Proposition 5.3. Letn,¢',d € N withn >3, ¢'’,d > 0. Then, for any
ve€ HS(Dy; g, d) such that ¥, contains some reflection, we have:

I-|r

(i) v~ (a2 "y, ey y, ooy 2,1, L 1,1), if nods odd;

(i) v =~ (xf,gceflf‘y,:cy, 2y Ys sy e, L 1 1) dif s even.
~~ S——
1) Vi
Where r = (r1,...,7g), 0 <13 <1y < 5, 28 = (2™,...,2"7), |r| =

Yori (modn), {vi,1n} ={vy, vy}, 1 <o, e €{0,1}, e+1n =1
(mod 2).

The idea of the proof is the following. Using the action of the unper-
muted mapping class group Map“(g’,d + 1) and the fact that at least
one ¢; is a reflection, we prove that v ~ (¢, ... , g ay, by, - .. LAy, Z;g/),
with a;,b; € Z/nZ, for any i. We collect in the Appendix the relevant
facts that will be used about the action of Map*(g’,d+1) on the funda-
mental group. Then, using results about étale Z/nZ-covers, we deduce
that v =~ v == (c}, ... ,cpx, 1, ..., 1) (Lemma [5.4]). At this point we
can apply the main theorem of [CLP11] to deduce that, acting with the
braid group, it is possible to transform v’ to the corresponding normal
form. However, we will see that using the entry z in v’, the results in
the Appendix and Lemma 2.1 of |[CLP11], we can transform directly
v’ in one of the above forms without using the normal forms for the
g =0 case.

Lemma 5.4. Let v be as in Proposition[5.3. Then
v v = (d, el 1)

Proof. Without loss of generality assume that ¢4 is a reflection (other-
wise act with the braid group). Then, if a; is a reflection, by Proposi-
tion [6.2 (i), Jp € Map“(g’,d + 1) such that

pw-v=1(c1, ... ,Cq-1, (cdalblafl)cd(cdalblafl)_l; Catr, b1, ... ay,by).

While, if a; is a rotation and b, is a reflection, by Proposition (ii)
we have: Jp € Map“(g¢’',d+ 1) such that

pv=(cy,...,(cqla, bl]afl)cd(cd[al, bl]afl)_l; a, (aflcdal)bl, cybyr).
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Notice that in both cases the d-th entry of ¢ - v is a reflection and
that cgar, (ay'cqar)by € Z/nZ. Proceeding in this way we get ¢ €
Map"(g’,d+ 1) such that (¢ -v); € Z/nZ, i =d+1, ... ,2¢".

Next, by the main theorem in [Catl0], we conclude that ¢ - v =
(€1, ..., Cq;2®, 1, ..., 1). We can further assume (a,n) = 1. Other-
wise, since D,, = (z%,¢1, . ..,¢q), there exists 2° € (¢4, ..., ¢q) such that
Z/nZ = {x**F). Using Proposition 6.2 (i) and the braid group, we can
multiply z® by any element of (¢,...,¢q). The claim now follows by
applying Aut(D,,). O

We now complete the proof of Proposition[5.3l Let v’ be as in Lemma,
6.4 and let 2N be the number of reflections in {c},...,d;}. Applying
Lemma 2.1 of [CLP11] we have

(8) ,U/ ~ <x£7 "L’ﬁy7 xay7 xJN_ly? xjN_1y7 A 7xj1y7 ley; x? 17 Tt 1) Y

where r = (ry,...,7r), 0 <1y <1y < 5, 28 = (2™, 2"R).

If N =1 the result is clear. Otherwise we conjugate by z simultane-
ously the entries of each pair (2/*y, z%*y) in (8) without changing the
other components, hence we obtain:

(9)
v~
+20N_1 +20n 1

+2¢1 +244

r .0 a JN— JN— Ji Ji .
(x7xy7'r y?x ! y?x ! y""’x y"r y’x7"'71>

for any ¢1,...,0n_1 € Z.
The equivalence (@) can be proven as follows. We have:

1

v o~ (28 2Py, Ty, (g Dy (2 ye D T a e ey 1L 1)

~ (af, 2Py, (e y (@), 2Ty T ey 1)

~ (2%, xﬁy, o (x’l)ley(a:), (:c’l)ley(x) syl 1),

where the first and the third equivalences are given by &-twists as
in Proposition (ii), while the second is a braid twist between the
last two components. Iterating these steps we can conjugate by any
power of x the entries of (z7'y, x/1y) simultaneously. By Lemma 2.3 in
[CLP11] we can move (a’ky, z7ky) to the right and then conjugate its
entries by any power of x as before. This proves ().

If n is odd, choose ¢; in (@) such that j; + 2¢; = a — 1 (mod n), then
apply the automorphism z* 'y — y, x —  to obtain (i).

Assume now that n is even. Without loss of generality we have that
v = vy < Uy = vy (otherwise apply Aut(D,)). Assume further that
2Py in ([®) is conjugate to xy.

If %y is conjugate to xy, choose ¢; such that j; + 2¢; = a or j; +2¢; =
a — 1 (mod n), so (@) becomes:

v~ (28 2Py, %y, %y, %y, ey, a1, 1)
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We obtain the normal form (ii) after applying the automorphism =%y —
TY, T — T.
The remaining case, where %y is conjugate to y, is similar. O

Notice that (@) follows also from Lemma 2.1 in [Kanev05| (see also
[GHS02]), which applies to a more general situation. Since we don’t
need the whole strength of that result, we preferred to give a complete
proof in our case.

Case 3: ¥ # () and does not contain reflections.

We prove the following

Proposition 5.5. Let v,v' € HS(D,;¢,d) with ¥,,%, C Z/nZ.
Then v = v if and only if there exists f € Aut(D,,) such that f(X,) =
Y and f(e(v)) = e(v).

The "only if” part is clear. So assume >, = >, =: X and the
existence of f as in the statement. We prove that v =~ ¢'. This is
achieved after considering three cases: n is odd; n = 2k and 2% € %,
n = 2k and 2 € ¥. In the first two cases we determine a normal
form, with respect to =, for each such element of HS(D,;d’,d), and
then we show that two such elements are equivalent if and only if they
have the same normal form. Notice that in both cases Hyx(D,,) = {0}
(Corollary [4.3]). In the last case, for any such v € HS(D,;¢’,d), we
determine a normal form o', with respect to the action of Map(g', d)
and then we show that vy ~ vy if and only if 3f € Aut(D,,) such that
f(X) =X and f(e(v})) = (v}). Notice that, in this case Hyx (D)) =
Z/2Z (Corollary [A.3).

Notation. Let v = (c1,...,¢q; a1,b,...,ay,by) € D29 be a Hur-
witz generating system such that ¥, C Z/nZ, i.e. ¢; € Z/nZ, ¥Yi. We
denote by H = {¢y,...,cq) C D, the subgroup generated by the ¢;’s.
Note that, under the above hypotheses, H is normal and it is contained
in Z/nZ. Set G' := D,,/H. Then G’ is a dihedral group D,,, m > 3,
or is isomorphic to Z/27Z x Z/2Z, or to Z/2Z.

Lemma 5.6. Let n € N, n > 3 odd. Let v € HS(D,;¢,d) with
Yy CZ/nZ. Then

v (et y, 21,0 1),
where r = (r1,...,rq), 2 = (x",...;2™), 11 < ... < rg <

2h = 3 4r;, (mod n).

Proof. Let us consider

and

NI

U= (ay,b,...,a,,by) € HS(G';¢',0),

where @; = a; (mod H), b; = b; (mod H). By Proposition and by
the analogous results for cyclic and (Z/2Z x 7 /27)-covers we have:

dp € Mapy such that ¢-7=(y,1,7,1,...,1).
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By Proposition [6.3], 3¢ € Map(g’, d) with
G-v=(c1,...,cq; 2y, ™ 22, . 2™),

where 2™ € H, Vi, 22 = 2 (mod H) and 2% € H, Vi > 2.

We now apply the -twists as in Proposition[6.2] (i) with ¢ = 2,3,...,¢
and we deduce that we can multiply all the 2%, i > 1, by any element
of H. Hence 3¢ € Map“(¢',d + 1) such that

V-@-v=_c1,...,cq; My, 2™ x, 2™, 1, 2™, 12" ).
Similarly, using Proposition (i), we get:
v (e, .. cq; 2y, 2™ m 1,00 1,1,

Now, for any 7 = 1,...,d, consider ¢; = x%. If s; < 4, set r; = s;,
otherwise use the braid group to move ¢; to the d-th position and
then apply Proposition (ii) with ¢ = 1. After this, ¢; becomes
c;' = 2" then set 7; = n — s;. Finally, using the braid group, we
can order the ¢;’s such that r; < r; ;.

So, we have proved that
v~ (2% 2Ny, oM x0T,

with r < ... < rg < 5. Now the condition ev(v) = 1 implies that

2y = Z‘f r; (mod n), therefore set h := p; (mod n).
We reach the normal form after applying the automorphism 2ty
Y, T T. 0

Lemma 5.7. Let n = 2k € N and let v € HS(D,; ¢',d) with 2* €
Y, C Z/nZ. Then we have:

v (et y, 2,1, 1),

where v = (r1,...,71q), - = (2™,...,x"), 1 < ... <rg=k, 2h =

Sy (modn) and h < k.

Proof. Proceeding as in the proof of the previous lemma, we have:

my A

Jo € Map(g',d) such that p-v = (c1,...,cq; 2%y, a™, 2%, ... ™),

where 2™ € H, Vi > 1, 22 = v (mod H) and 2% € H, Vi > 2.
Since we can multiply all the 2%, i > 1, by any element of H (apply
Proposition[6.2] (i) with ¢ = 2,3, ..., ¢’), we have: Jy € Map“(¢',d+1)
such that
V-oo-v=_(c1,...,cq; My, 2™ x, 2™, 1, 2™, 12" ).
Similarly, using Proposition (ii), we get:
v (e, .. cq; 2y 2™z, 1,1).

Now, for any ¢ = 1,...,d, consider ¢; = x%. If s; < k, set r; = s;,
otherwise use the braid group to move ¢; to the d-th position and then
apply Proposition (ii) with ¢ = 1. In this way ¢; becomes c; ' and
so set r; = 2k — s;.
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So, we have proved that
v (a8 aMy, oM x0T,

with r; < k, Vi. Now the condition ev(v) = 1 implies that 2u; =
Z‘f r; (mod n). If u3 < k, set h = py. Otherwise, apply braid group
transformations to achieve the ordering r; < 7,44, Vi < d — 1. By
hypotheses ry = k and we apply Proposition with ¢ = 1. Since z*
is central, this operation does not change 74, while ** becomes z*17*.
Set h =y + k (mod n).

Finally apply the appropriate element of Aut(D,,) to reach the nor-
mal form. O

We now consider the last case.

Lemma 5.8. Let n = 2k € N and let v € HS(D,;¢',d) with ¥ C
Z/nZ\ {x*}. Then we have:

() v = v = (2%y, 2" 2,1,...,1), where r = (r1,...,1q4), 2" =
(.. a), < ... <rg <k, 2h =3 {7 (mod n);
(ii) let v} = (a5 y, 2" 2, 1,...,1) and vy = (2% y, 2" * 2, 1,...,1),

then e(vy) # (v}) € (Dy)s;
(iii) v} =~ vy if and only if 3f € Aut(D,) such that f(X) = 3 and

fle(vr) = e(vy).

Proof. The proof of (i) is the same as that of the previous lemma. Since
in this case ¥ ¢ ¥, we can not achieve h < k.

To prove (ii) recall that e(v) := ev(0) € (D,)s. So, if ev({}\i) =
ev(vz), then ev(vz)_l -ev(vAi) =0 € Hyx(D,,). But now a direct compu-
tation shows that ev({}\é)*l : ev({}\i) # 0 (Corollary [£.2)), a contradiction.

(iii) The "only if” part is clear. So, assume that 3f € Aut(D,)
such that f(X) = X and f(e(v})) = e(v5). Since f(e(v])) = e(f(v})),
we have e(f(v])) = e(v}) and so v} and f(v]) have the same v-type
(Remark B.10). From (i) and (ii) we deduce that

f(vg) ~ (Z'EE; 'Z‘Aly’ l‘h+k’l" ]‘7 et ]‘) .

Hence, using the automorphism 2y — y, 2 +— , we have that f(v}) ~

vy and so the claim follows.
U

6. APPENDIX. AUTOMORPHISMS OF SURFACE-GROUPS

We collect in this Appendix some facts about mapping class groups
and their action on fundamental groups. They should be well known
to experts, we include them here for completeness.

Let Y be a compact Riemann surface of genus ¢’ and let B =
{y1,...,ya} CY be a finite subset of cardinality d. After the choice of
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a geometric basis of Y \ B, we have the following presentation of the
fundamental group:

m (Y \ B,yo) =
(MY, By ag Byl e T s, Bi] = 1)
Following [Bir69], there is a short exact sequence
(10)
1= m(Y \B,yo) = Map"(Y, {yo, v, - . ., ya}) = Map"(Y,B) — 1

which induces an injective group homomorphism
Map*(Y,B) — Out (m (Y \ B,yo))

([Bir69], Thm. 4). The map Z is defined as follows. Let [c] € m (Y \
B,yo) be an element of the geometric basis and let ¢: [0,27] — Y \ B
be a simple, smooth loop based at yg, representing [c]. Set =([c]) be the
isotopy class of the &-twist, &.. Then extend = to the whole group as an
homomorphism. Recall that the {-twist, £, can be defined as follows.
Let N C Y \ B be a tubular neighborhood of ¢ and let e: A — N be
a diffeomorphism between the annulus A = {z =re? € C|1 <r <2}
and N such that e(3,60) = ¢(6). Define h: A — A as follows

) (0 +4n(r—1)),
hr.0) = {(r,0+47r(2 —),

I

IA A
MO Nl

r
r

plw
IA A

D e

T

|
1 3 2
2

Then A is a diffeomorphism which is the identity when r = 1, %, 2.
Finally, define £.: Y — Y as the identity on Y \ N and as eo hoe™!
on N.

From the sequence (I0), it follows that m (Y \ B, yo) is isomorphic
through = to a normal subgroup of Map“(Y,{yo,v1,...,ya}), hence
we get an action by conjugation of Map™(Y, {yo,v1,...,ya}) to m (Y \

B, yo):
[f] : [gc] = [fogcofil]'
We have:
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Lemma 6.1. For any [f] € Map"(Y,{yo,v1,...,ya}) and [c] € m (Y \
B, y), we have:

[f] ’ [gc] = [Sf#(c)] )
where £4(0)(6) = (f 0 A)(6).

Proof. fof.of ' =(foe)oho(foe)! on N, and coincides with the
identity on Y \ N. The result then follows because foe: A — Y is a
tubular neighborhood of fx(c). O

One can define, in the same way, -twists with respect to loops that
are not based at gy, and Lemma is still valid. In the following result
we give the action of &-twists around certain loops in terms of a given
geometric basis of 71 (Y \ B, yo).

Proposition 6.2. Letyi, ..., Vi, a1, Bi, ..., ag, By be a fized geo-
metric basis of m (Y \ B, yo).

(i) Let ¢ C Y \ B be the loop in Figure 1, image of the two sides of
the angle inside the polygon with vertex yy. Setu = Hf;_:ll [k, Bkl
Then we have:

(&)iloe) = u'yquay;

(€)s(va) = (vauaBea;'u™") 7a (“Yduoézﬁéoé[lufl)_%
(Ce)eli) = ai (i # L), (&)«(Bi) = Bi (Vi), (&)«(v5) =
(j#d)

(ii) Let ¢ C Y \ B be the loop in Figure 2, image of the two sides of

the angle inside the polygon with vertex yy. Setu = Hi;ll [k, Br]-
Then we have:

(&)e(B) = g tu" yquonfy;

(&)s(va) = (’Ydu[o%ﬁz]%*lufl) Vd (’Ydu[o%ﬁz]%flufl)_l ;
(fc)*(ﬁz) = B (Z #* e)? (fc)*(az> = & NZ), (gc)*(f)/j) =
(J #d).

Proof. (i) The image of oy under &. is drawn in Figure 3. From this
it follows the formula for (&.).(ay). Since . is the identity outside a
small tubular neighborhood of ¢, we have that (&.).(a;) = «; (i # ¢),
(&)«(Bi) = Bi (Vi) and (&)«(7;) = v (J # d). The formula for (&.).(74)
is now a consequence of v; - ... -y Hflzl[ai, Bi] = 1, since the product
Yt Ya Hflzl[ai, B;] must be left fixed.

The proof of (ii) is similar. O
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By Yo By Yo
Figure 1. Figure 2.
Be

Figure 3.

Proposition 6.3. Let II, = (ay,...,0y | H{[Oéz,ﬁi]) and My =
(ag, ..., By | Hg, (i, Bi]). Then, for any ¢ € Aut’(Il,_1), there ex-
ists € Aut®(Ily) and § € Tl such that Y(an) = aq, Y(B1) = B,
Ulai) = dp(q)d™, ¥(B;) = dp(B;)o ™, i > 1.

Proof. We first extend ¢ to an automorphism

¢ € Aut <(a2, Byl H[Oéi,ﬂib)
2

such that ¢(a;) = @(ai), $(8;) = () and 4(v) = 67199, i > L
Geometrically this corresponds to representing ¢ as composition of
Dehn twists along curves contained in the complement Y4 \ D of a
closed disk D in a Riemann surface Yy _; of genus ¢’ — 1, where D does
not intersect «; and f;.
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Now simply define ¢ (c1) = a1, ¥(B1) = B, P(w) = 6p(a;)d~" and
U(Bi) = 0p(B;)0~", i > 1. O
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