COMMUTATIVE ALGEBRA METHODS AND EQUATIONS OF REGULAR SURFACES

(Pabrizio CATANESE - Universitid di PISA)

0. INTRODUCTION

The aim of this paper is to describe a rather general method to write
down explicit equations for regular surfaces of general type; the me-
thod applies also to the (much more restricted) class of weak Del Pez

zo surfaces.

Though at first sight this method does not seem to be classical, on the
other hand its geometrical counterpart is deeply related to the treat-
ment of surfaces via generic projections to P3 using the theory of

adjunction, a point of view appearing e.g. in the book of Enriques ([E]).

The basis of our analysis rests on two wider notions, the notion of a
good (weighted) canonical projection, and of a quasi-generic canonical

projection.

Given a surface §, a good canonical projection is a morphism ¢:S +~ P,
where P is a weighted projective space of dimension 3, P =P (eo,e1,e2,e3)
(cf. [Do]), and ¢ is given by 4 sections Yor¥qr¥or¥yr with

yi€H°(S,OS(eiKS)); ¢ is said to be quasi-generic if moreover either

i) ¢ is birational onto ¢

¢ (8) or

ii) ¢ is of degree 2 and % $(S) is a normal surface.

To illustrate ocur results, let's assume S to be a (minimal) regular

surface of general type. -

To S we attach its canonical ring R = @& H°(S,OS(mKS)) and its canonical
m=0

model X = Proj (R).
Given a good canonical projection ¢, R can be naturally viewed as a

graded module over the polynomial ring 4 = E{YO,Y ' ,Y3], graded in

172

such a way that Yi has degree equal to e; (hence P =Proj(4)).

The assumption that S be regular implies that the A-module R has a
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minimal free resolution of length 1, given by a square matrix a of ho-
mogenous polynomials.

An application of Serre's duality theorem in the more general form gi-
ven by Delorme (cf. [Se]l,[Dej) allows us to show that the matrix o can
be chosen to be symmetric when ¢ is quasi-generic. From these first re-
sults we deduce immediately some information about degrees of generators
and relations for R {(we refer the reader to [Ci 3] for more complete re-
sults in this direction). Later on we assume the projection ¢ to be qua

si-generic. We show then that the matrix o is subject to the following

{closed) rank condition:
(R.C.) Let h be the size of a, and let o' be the matriz obtained by
erasing the first row of o: then the entries of Ah_1(a) belong

to the ideal I generated by the entries of Ah—1(a’).

It turns out that condition {(R.C.) is necessary and sufficient in order
to give a ring structure to the A~-module R determined by the matrix a.
Our main result is that, given o satisfying (R.C.), and the {open) con
dition that X = Proj(R) have as singularities only Rational Double Points
(R.D.P.'s for short), then X = Proj(R) is the canonical model of a sur-
face of general type. This result on the one hand gives a way to show
the existence of surfaces with given numerical invariants, on the other
hand can be used to study the moduli spaces of these surfaces, since
they can be parametrized by locally closed sets of matrices a.

As an easy application of this result, we show that the surfaces with
K2 = 6,7, pg=4, g=0, such that |R| is free from base points (plus a
further condition in case K2=6), have a unirational irreducible moduli
space.

We should remark that the method presented here owes much to the ideas
and work of several authors.

The use of projective resolutions to study eguations of curves appears
in the work of Arbarello and Sernesi ([ A-S]) and was later clarified
by Sernesi ([ Sn]), whereas the idea that the resoclution could be taken
to be symmetric (since R is a commutative ring) appears in our paper
[Ca 1], where it is mainly treated (though not in the greatest genera-
lity)the case when ¢ is a gquasi-generic projection of degree 2.

Ciliberto ([Ci 1]) extended the methods of [5n] and [Ca 1] to describe
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some surfaces birationally mapped to P3 by ‘the complete canonical system
|K|, but under the assumption that the image I should have only ordina-
ry singularities (i.e. the singularities of a generic projection).

The present method, which is a combination of the ideas appearing in
[Cca 1] and [Ci 1], has been used in our joint paper with Debarre ([ C-D])
to describe regular surfaces with K2=2, pg=1: we refer the reader to
[C-D] also for a treatment of the non quasi-generic case.

We want finally to point out two directions in which the present inve-
stigations can be extended.

The first centers around the following remark: let a" be the minor of a
obtained by deleting the first row and the first column. F=det(a”) is
called the adjoint surface to I and, if P is smooth, for a generic
choice of (a"), the only singularities of F are nodes, exactly at the
points where rank (a")=h-3; in these points must be rank (a)=h-3 and,

once this conditien is satisfied, then o is determined (modulo I)

1

S ALTPYRTRRLPI

When for generic a", and generic o such that rank (o')=h-3

1277 "%

when rank (a")=h-3, exists, one sees that there is defined a natural

“11
irreducible unirational component of the moduli space, and it would be
interesting to see whether there are other irreducible components.
Another interesting direction is towards the investigation of the re
lation between the determinantal equation of I and the deformation theo
ry of S, thus generalizing Kodaira's work ([Ko]l). We hope to return on
these problems in the future.

The paper has grown out of oral expositions given at the week of Al-
gebraic Geometry in Bucharest and, later, at Warwick University: I want

to thank L. Badescu and M. Reid for their interest and encouragement,

also A. Coppoli for her excellent typing.

Notations

We shall work over the field T of complex numbers.
Given a projective variety X, OX is the sheaf of regular functions, and
w_ the Grothendieck dualizing sheaf.

X

When wy is invertible, i.e. when X is a Gorenstein variety, we denote

by KX {(or simply K when no confusion arises), an associated Cartier di
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visor, and call K a canonical divisor.

For a coherent sheaf of OX-modules F we dencte by Hi(F) the cohomology
group Hl(X,F) and by hl(F) its dimension as a complex vector space; if
D is a Cartier divisor on X, by abuse of notation we denote Hi(X,OX(D))
simply by Hi(D). Let D,D' be Cartier divisors on X: D'=D means that

D' is linearly equivalent. to D, D'aD means that D' is numerically equi-
valent to D, and |D| denotes the linear system of all the effective di-
Visors linearly equivalent to D.

Pic(X) is the group of Cartier divisors modulo linear equivalence, and
if 8 is a section of an invertible sheaf, div(s) denotes the (Weil) di-
visor of zeros of s.

If C is an effective divisor on a smooth surface S, the arithmetic genus

p(C) is by definition p(C)=1—x(0c). Given a graded module M= & Mm]M(r),
nez

for r€Z , is M with a shift of degrees given by (M{r)}m=Mr+m,A shall be
3] {the symbol
€¢{...} denoting the ring of converging power series),endowed with a gra-

di A= § 3 = n
ing k=0Ak and,if geék,A(g) {a/g"| a € Ank}.

throughout the paper the polynomial ring E[YO,Y1,Y2,Y

Standard notations are: G.C.D. for the greatest common divisor of a set
of positive integers, = for congruence, dij for the Kronecker symbol

(Sij=1 for i=j, § 0 for i#j).

13
F . is the Segre-Hirzebruch rational ruled surface E’(OP1 ® Onﬂ (n)),
and o_ its section corresponding to the projection of OEJ & 0

0

pl (n) onto

p! ¢ % has self-intersection -n and is the unique irreducible curve
on ng} with negative self-intersection.
If S is a smooth surface and p is a point on §, BQP(S) denotes the blow~

up of S at p, and sz b (8) is defined inductively as follows: p_
qre--1P,
is a point in the surface BY (S) and B2 (s)=
PqreverPp g Pqre-wrPy

BL_ (BR (8)); moreover,if j>i, p. is said to be infinitely
P, PyrecerPy_yq J

near to p; if the surjective morphism I, . of B% (S) onto
i J.,1 P1,...,pj_1

B2 S s p: to p..
91:---191_1( ) map pj pl

Further notations shall be introduced in the course of the paper.

Standard abbreviations are: "s.t." ("such that"), "i.e." ("id est"),
"resp." ("respectively"), "cf." ("compare"), "e.g."("exempli gratia").
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1. REGULAR SURFACES OF GENERAL OR OF ANTIGENERAL TYPE.

Throughout the paper S will be a complete smooth algebraic surface such
that either:

(1.1) 3 an integer m>0 s.t. |m KS! defines a morphism ¢m onto a

surface

or

{1.2) Jan integer m>0 s.t. |-m KS} defines a morphism ¢ onto a

surface I .

The two cases are clearly mutually exclusive, and hypothesis (1.1) for~
ces S to be a minimal model, since then KS-CZO for each irreducible
curve C; conversely, (cf, [Bo]) if S is the minimal model of a surface
of general type, (1.1) holds. We shall furthermore make the assumption
that S be a regular surface, i.e. q(S)=h1(OS)=h1(KS)=O.

This lastcondition is automatically verified in case (1.2) by virtue

of the following lemma.

Lemma 1.3. If S is a regular surface satisfying (1.1) or {1.2), then

H1(n K)=0 for each n€EZ . Moreover a surface satisfying (1.2} is regular.

Proof. By Serre duality h'(r K)=h' ((1-1)K).

Moreover, by the vanishing theorem of Mumford-Ramanujam ([ MU 21, [Ral)
8 (r K)=0 for r<0 in case (1.1), for r>0 in case (1.2).

Therefore, in case {(1.2) H1(r K)=0 for all r€Z, <in particular
H1(OS)zH1(K)=O and S is regular.

In case (1.1) H1(r K)=0 for r<0, r>2 always, and for r=0,1 under the
assumption that S be regular.

Q.E.D.

We digress now briefly on the case of a surface S satisfying (1.2),

usually called a weak Del Pezzo surface.

2
Clearly S is then a rational surface, K >0, K-C<0 for each irreducible
curve C. By the Index Theorem (Kz) {Cz) < (K~C)2, equality holding iff
CvAK with A€R , and by the genus formula 2p(C)-2=C2+CK; hence for an

2 . s . .
irreducible curve C one has C2 > -2, and C > 1 if C is not isomorphic
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to ! (since then C2+CKZO, s0 sz -CK > 0: but if c?=CK=0 the Index

Theorem implies C~0, a contradiction since C is an effective divisor},
2 v . ‘o

moreover C-K=0 implies C'= -2, C=IP . Now S dominates a minimal model

S' and, a fortiori, DZZ ~2 for each irreducible curve D on §', there-

fore S' can only be ]Pz, ]P1 X ]P1 ’ ]Fz'
2 . 1 1

In fact, if S is not minimal, we can assume S'= , since if peEP xP ,

BQP p (Pz) where P, is not infinitely near to p,,
1'%2
v .
whereas, if qeF_- o , B (F,. ) = BL (Pz), where g_ is infinitely
2 @’ g2 9409, 2
near to qj. Therefore if S is not minimal, there exists a sequence

e

1 1
BS (P xIP )
p(

p1,...,pr of (possibly infinitely near) points on Pz , with r<8 (since

(Pz) Since czz ~2 for every irreducible
r .

K2>01) t. s < B
! s.t. =

S ! Pyre-asp
curve C on S, one must have

(1.4) no more than 3 p,'s lie on a line
i

(1.5} no more than 6 pi's lie on a conic

{1.6) the set {p1,...,pr} can be partitioned into subsets {pi Py
reeest iy
with p; ep? ¢ Py infinitely near to p; but not lying
1 (3+1) 3
on the proper transform of P, .
{(3-1)
. 1 1 . .
Since clearly for P x and Eé there exists a divisor H with
24 = -K, and s.t. |H| defines a birational morphism onto a quadric in
P3 , one asks whether, given r<8, Pyre-eiP satisfying (1.4), (1.5),
2
(1.6}, S=BL {(PP7) is a weak Del Pezzo surface.
p‘]l'"lpr
Let Ei be the total transform of pi in &, and let H be the total tran-
2 r
sform of a line in " : since —KS £ 3H - Z Ei and thus Kg=9—rz1,
i=1

(1.2) is verified if KS'CiO for every irreducible curve C on S. If C
is one of the exceptional divisors, then by (1.6) either C2= -1 or
C2= -2, hence KS-CiO.

By the Riemann~Roch Theorem h°(-KS)=10~r, therefore I—KS] is at least

a pencil; if K_+C>0, C is not exceptional and is a fixed part of [—KS

.
H

s
hence C is the proper transform either of a line, or of a conic, but

then KS'C>0 contradicts (1.4), (1.5).

We can summarize the foregoing discussion in the following
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. 1 1
Proposition 1.7. 4 weak Del Pegzzo surface is either P x P , or E} ’
2

or L8 the blow up BZP p (P2) of P° at x<8 points, possibly infini
qres- P

tely near, but satisfying (1.4),(1.5),(1.6).

To our surface S is naturally attached a graded ring
o0

the canonical ring R = & H° (m K) in case (1.1),
m=0

the anticanonical ring R = o H° (-m K) in case (1.2).

=0
By the results of [ Za] ,[ Mu 1] these are finitely generated and one calls
X = Proj(R) the canonical (resp.: anticanonical) model of S.
X can also be obtained as follows: by the Index theorem, if D is a
divisor with K-D=0, then D2<0 unless D0. Therefore the irreducible
curves C with K-C=0 are independent in Pic{(S) # @ (cf. [Bol, prop.1),
and, as we already noticed before, they are smooth rational curves
with Cz= -2, X is obtained by contracting these curves and has only
Rational Double Points as singularities {cf. [Ar 1], [Ar 2], [{Bo}l):
in particular X is normal, the dualizing sheaf wX is invertible, and,
IIs 8 » X being the contraction morphism, one has OS(KS)gﬂ*(wX).
Every morphism @m: S » % as in (1.1), (1.2) factors through I and
Wm t X > L.

Remark 1.8. Wm is a finite morphism, being proper and quasi-finite,

-4 R
moreover w, (resp. : Wy ) 18 ample on X.

X

We refer to reader to [Bo] and [Sa] for more precise results on the

structure of these morphisms.

§ 2. GOOD (WEIGHTED) CANONICAL PROJECTIONS.

The set up being as in the preceding section, we denote, for m>0, by
Rm the homogenous part of degree m of the graded ring R (i.e. Rm=H°(mK)
in case (1.1), Rm=H°(-mK) in case (1.2)).

We choose then yo,y1,y2,y3 homogeneous elements of R such that

0,--.63 are positive integers and the greatest

common divisor of e

2.1
( ) yieReei' where e,e

0’ e1, ez, e3 is 1



75

{2.2) the four divisors Cizdiv(yi) have empty intersection (we can

easily assume then that three of them have an empty intersection).

It will also be convenient in the sequel to assume that each Yy does
not belong to the subring of R generated by the other yj's.

Let 4 be the ring YO,Y 'YZ'Y ] graded so that Yi is an homogeneous

1 3

element of degree e;.

Then (cf. [Dol,[De}l) P (eo,e1,e2,e3}=Proj (4), {(which in the sequel we
shall simply denote by ), is a 3-dimensional weighted projective spa-
ce and the four sections Ygreeer¥yq define a morphism ¢: S »> IP which

we shall call a good canonical projection. By (2.2), since K >0 the

image of ¢ is a surfaceIC P and ¢ factors as

(2.3) § ~—— — T CP where ¥ is a finite morphism

L being an hypersurface in ¥, the projecting weighted cone is defined
by an homogeneous element f in A of degree n, hence & = Proj (A/ (f))'
R, being via ¢ an overring of A/ (£)" can be naturally viewed as an &module.

From now on, since H° (X,Ox(m FX)) Xy (S,OS {m KS)), we shall restrict

our considerations to the finite morphism Y: X » .

Definition 2.4. VWe shall say that (eo,e ,e ,93) are normalized 1f the

1772

greatest common divisor of every three of them is equal to 1. We remark

that in fact P = P(eo,e1,ez,63) 18 isomorphic to a weighted projective
ld ’ . ’ ’ . . E)

space I’(do 1 d2,d3) with (dO'd’l d2 d3) normalized. For example

P = P{1,2,2,2) is isomorphic to ]P3, but this Zgomorphism does not

give an isomorphism of OP(H with GP3(1) (this last is isomorphic to

GP(Z), while OP;J %(1)). Also, in general the sheaves O]P (n)y are not

necessarily invertible (ef. [Dol, 1.3.1, 1.3.2).

In the ei’s are normalized,then to OJP (1) corresponds a Weil divisor a

multiple of which <s a very ample Cartier divisor.

If the ei's are normalized, we have in case {(1.1) ‘Y*(OP(1))=0X(e KX),
¢*(OIP(1))=OS(e KS), (e has to be replaced by =-e in case (1.2)).

Via the Serre correspondence (cf. [De]l, prop. 4.2) to every finitely
generated graded A4-module M is naturally associated a coherent sheaf

N
of qp—modules M such that
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(2.5) M = Hom_ (0_ (-n), M).
n P

In the case when e>1, we can split R as a direct sum of graded A-modu-
les
(i)

(2.6) R= @& R , where R = R L.
=0 m me+i

%(i) N

Proposition 2.7. = W*(Ox(l Kx)) (resp. W*(OX(—l Kx)) in case

(1.2)).

Proof. It suffices to consider case (1.1) (S of general type) and we

have to show then the following:

HomO (0

(-n), ¥, 04(i K)) = H° (0 ((ne+i)X)).
r

P

Clearly the term on the left equals H® (P, Hom (On)(-n),w*ox(i K))).

0
r

Now, for every element g€ A, homogeneous of degree 4, and with ffg,

()

Since ¥ is finite onto I, W“1(D+(g)) i¢ also affine. The assumption

we can consider the principal affine open set D+(g)=Spec(A

that G.C.D.(eo,e1,e2,e3)=1 guarantees the existence, for each n, of an
integer k>0 and of a monomial A(Y)= X(YO,...,Y3) of degree kd+n.

We observe the following facts:

~h

H° (D, (g), O (-n) = {P-g = |Pe4 }

hd-n

. _ ~h
B (D (g), 0,) =1{Qg lQeAh }

r d

H' (D, (g) ,¥#0, (iK))= H (¥ (D, (@), 0y(iK))

. - -h
Setting  Y=(¥g,...,¥y), ve have ¥*(Q+g )=0(y) g " y).

{0
-1 OE
OX((ne+i)K) on ¥ (D+(g)) defined as follows:

h

To uEH”(D+(g), Hom (~n),W*0X(iK)) we associate a section u of

r

1

for every PEA , with £fp, set u = u(P-g. )'gh(y)'P(Y)— .

hd~n
We claim that u <s well-~defined.

In fact, assume P1,p are such that fYPi, P , and let A(Y) be

(=]
2 i 4h a-n
1

as above:
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g (k+h4q+hjy) - (k+h2Y

then u (P1 P.A (y)

-h
5 )= u(P1 g 1)°P2(Y)X(Y)9

= u(e, g 2R, (A g~ FP ().

Since Aly) is non zero, and X is irreducible, the definition is im-
mediately seen to be well posed.

Moreover the rational section ﬁ 18 regular on W~1(D+(g)), since its

polar locus is contained in N div{(p).
. p,ff P
Conversely, any such u defines*u via:

ue ¢ =1 ply) g ).

Hence HomOE,(OE’(-n),W*OX(iK))= W*(OX((ne+i)K))

and we are through.

Proposition 2.8. R is a Cohen-Macaulay A-module.

Proof. Again we treat only case (1.1), and we can assume, by 2.2, that
COﬂC1ﬂ02=¢ (Ci=div(yi)): sinee dim BR=3, it suffices to prove that
Ygi¥4:¥, form a regular sequence.

Note first of all that R is an integral domain: then also, by lemma 1.3,

R/Y, R is isomorphic to R' = ® B (C 0. (mK.)). Since y, vanishes
g Q’'7C s 1
=0 0
only at a finite number of points of Cps we get the exact sequences
¥4
0 - R > R R'/y,R* > 0
0 — R'/y,R' ——> & H° (C.NC,,0 (WK_)) ———>
1 =0 0 1 Cof‘lC1 [
%' (¢ X
H'(Cyr0n ((m-e,)K))
=0 0
"N
where, by the Riemann-Roch theorem, since w, =0, ({1+e,)K_ ), in the
CO Co 0’'"’s
last direct sum the terms with m’>1+e0+e1 are zero.

Since Y, does not vanish on concq, Y, is not a zmero-divisor of
R'/y1R’.
Q.E.D.

Since 4 is a polynomial ring, we can choose a minimal set of homogeneous

generators of R as a graded A-module, v1=1, v homogeneous of

2,...Vh,



78

respective degrees 21=0 < 22 < 23 - h'

By Hilbert's syzigy theorem (cf. e.g. [2~S] p. 240, [A~N] pp. 575-588)

<%

and by prop. 2.8 the vi's determine a free homogeneous minimal resolu-
tion of the graded A-module R. In case e=1, the resolution reads out
as

h h
(2.9) 0 — @ 4(-r) — ® A(-%) ~—> R >0
j=1 J i=1
(where o is a square matrix with Gij a homogeneous polynomial in 4 of
degree r, - e, if r.>e,, o,.=0 otherwise).
h] i 3 i ij h
In fact the kernel of the surjection of @ A(-Qi) onto R is locally free
i=1
by prop. 2.8, must be of rank < h by the injectivity of o, and of rank

at least h since dim F =3; moreover clearly aij = 0 if rj<ei, but also
when rj=ei since {V1,...,Vh} is a minimal set of generators.
In case e>0, instead of (2.9) we have a direct sum on k=0,...,e-1 of

the following exact sequences

h ¥ n
(2.10) 0 — B a(-r®)y . &5 a2y s p® L
. J . 1
j=1 i=1
Lemma 2.11. det oc=(f)deg ¥ (resp.: det(a(k))'—-—(f)deq ¢ in case e>0).

Proof. Localization being flat, we get an exact sequence of sheaves on

P, by proposition 2.7:

h
h (k) k
k
0+ 0% o (x ) 2 o 6 0 () s v, 0 k) >0
i P ] L i X
j=1 i=1
Now, T being non singular in codimension 1, 0 18 a discrete valua-

P,z
tion ring, and the stalk of W*(Ox(kK)) at the generic point of I is a

EX )-vector space of dimension equal to deg(¥), and we get the desired
result from the structure theorem of modules over principal ideal rings
{ ef. [Ja 11, th. 3.8, p. 176).

Q.E.D.

We can derive a very easy, but useful corollary of (2.11), which we sta

te now for e=1, but holds also in case e>1 upon replacing h by hk, zj
(k) (k)
by £ .
34 5 ri by ri

We have already assumed 21<£2< el < %h, and we can assume
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r1ir23 e > r, i we stress again the fact that if deg(aij)=rj—&i§0,

then aij must be zero.

Corollary 2.12. f#,<r, . .. ¥j=1,...,h.

If ¥ 4s birational (deg ¥=1), then also £j<r

h-j+2°

Proof., If 2 then aij=0 for i>t,j>h~-t+1; therefore, for each

>
= -t 417

permutation ¢ of {1,...,h} we must have an e¢lement a, which equals

g (i)
zero, hence det{a)=0, a contradiction. h
In case etirh~t+2’ expanding det{a} as i e (o) 121 aio(i) the only ¢'s
contributing a non zero term are those for which o({t,...,h})=
={1,...,h=t+1}, therefore det(a) = det(g) det(&), where pt 18 the minor
formed by the rows (t,...,h) and columns (1,...,h-t+1) & 18 the minor
formed by the rows (1,...,t-1) and columns (h-t+2,...,h).

We conclude by lemma 2.11.

Q.E.D.

In order to prove a weak symmetry statement about resolutions {2.9)
and (2.10), we adopt for the time being the notations cf. [G-Dl III,
2.1, pp. 95 and following.

Let ¢y be the open affine cover of X given by the sets Ui=X—{yi=0}
and let F be the sheaf Ox(k K} (in case (1.2) replace k by -k).

We set F(*)= & Fe Ox(n e K) (analogously in case (1.2)): obviously
. nEZ .

we have H' (X,F(*))=H (U,F(*)).

Then H® (X,F(*)) = R(k),

B (x,F(%) = 0.
We denote by (y) the maximal ideal (yo,yq,yz,y3) in A and by Hi«y),...)
the local cohomology group (Koszul cohomology).

From {2.10), since Hi((y),A(r))=0 for i<3, and since, by prop. 2.1.3
of [ G-Dl, we have

s 0 for i<2
(k)

Y

at(y), 2%

)HZ(X,F(*)) for i=3,

we obtain, by the long exact sequence of local cohomology
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(k) 4

)
(2.13) 0— B3 ((y),R (), o h—2" vty ,r0y > o,

)— H

where we have set for convenience (when e>1, the case e=1 being a spe-

cial case,

o Al

h
(2.14) 20 = & a(-rXy, 2 8 g (k)
. 3 . i
=1 i=1
Now, given a graded module M, according to [Se]l, p. 263, we define the
dual MY to be the graded module s.t. (MVE) is the dual vector space
of M_m, and we recall that the functor M - MY is exact and contravariant.
3
By the duality theorem for P ({De]), thm. 5.2), if s=1 ei
i=0
4 \Y
H (4(-r)) = @& Hom(0_ (-n-r), 0_ (-s))= A(~s+r).
r P
nez

(k) ,V v 2

since H((y), 2% )Y 2 w2(x,r+1)V

+
(e ul (X,Ox(i(emk)x)))vi“ ® HZ(X,OX(—(k—en)K))\/:—: (by Serre duali
nezz nez ty on X}
3(1-k) in case (1.1)
iy o + Ny
= @& H (x,ox((-(en—k)+1)K)) =
€z 1=
n R( 1 k)in case {(1.2)
we obtain, dualizing (2.13),ancther minimal resoclution of &, B(k), na-
mely
(2.15) e=1 (where, as usual, 7 means: Y-" in case (1.1), "+" in case
(1.2))
h ta h
0 — & 4A(4,~8=1) —— @ A(r,-s=1) —> R —» (
. i T+ , j T+
i=1 =1
{(2.16) e>1, case (1.1) k=0,1
h t (k} h
0 —— ®k A(,Q,,(k)—s) — 8k A(r.{ )—-s) —_— 2?(1—}() >
: i . ]
i=1 j=1
(2.17) e>1, case {(1.1) k>2, or case (1.2)
t (k) h +
b— 8 402 Fk)—sﬂ)-ﬁ——» oF 4(r ™ _ge1)—m plevkl) 0.
=1 1 3=1 J

At this point we remark that for each of the graded modules under con-

sideration we have obtained two minimal free resolutions, which must
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be necessarily isomorphic, and therefore we obtain a bunch of equalities
between the lik)'s and r;k)'s.

For the applications we are going to illustrate in the sequel of this

section, it will suffice to notice that (2.9) and (2.15) give, when e=1:
(2.18) L. =8+ 1 -1,.

The following results are an easy application of (2.18), but they are

already contained in a recent preprint of Ciliberto ([Ci 3]), where more

general results are given.

Corollary 2.19. If Pgi4 and |R| is free from base points, then R is ge
nerated by elements of degree <3. If pg=4, R 18 generated by elements

of degree <2 if the image of the canonical map <Zs not a quadric.

Proof. 1In fact then one can choose 4 independent sections Yore--r¥y
of B° (R) giving a good projection ¢ : S - P3.

We have then e0=...=e3=1, s0 Ri=5—ri by (2.18). Since we claim that

R 1is generated as a ring by the elements of degree <3, this will hold
tf R 18 generated as an A-module by such elements, t.e. if thZ.
Assume rh§1 : since by (2.12) rh>21=0, rh=1. But then, since 2211,

det (a) would be divisible by a linear form, absurd. Finally, tf pg=4,
then £2i2 and,i1f rh=2, it follows that det(a) <s divisible by a qua-
dratie form, and we conclude by lemma 2.11.

(Moreover, in this last case, one would have r =3)

h-1

We recall now a recent result of P. Francia ([Fr]):

Theorem. If S is a minimal surface of general type, thenm |2K| is free

from base points <f pgiZ or ©f pg=1 and g=0.

Hence, if S 1is also regular, and pgi1, one can choose a good projec-

tion ¢ with (eO,e1,e2,e3)=
a) (1,1,1,2) if pgi3 and |K| has no fixed component
b) (1,1,2,2) if p 2

c) (1,2,2,2) if pg=1, K212
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In all these cases, except if pg:z, E?=1, we can assume that det(a)

has no factor of degree less than, respectively, 1, 2, 3 (notice that
. o 2

we can assume, since h (2K)=1+pg+K , that the yj's of degree 2 are li-

nearly independent modulo quadratic monomials in the yi's of degree 1).

R 2 .
Remark. Surfaces with K =pg=1 are studied in [Ca 2,3], those with
pg=2,K?=1 are studied in [Hol, and for them R is generated by elements

of degree less than 3, resp. 5.

With an entirely analogous argument to the one used in the proof of

corollary 2.19 we obtain

Corollary 2.20. R is generated by elements of degree less than 4 in

case a) or case b) with pg=2, and of degree less than 5 in the remain-

ing cases.

Remark. To obtain more precise results in this direction, a less rough

analystis is needed, taking e.g. into account the numerical relation

2
K~ Te = z (s+1—2£j) (obtained by looking at the Hilbert polynomials of

i 3
the modules occurring in 2.%), and also the ring structure of R.

§ 3. RING STRUCTURE AND SYMMETRY

In this section we shall make stronger assumptions on the good projec-
tion ¢ considered in § 2.
In terms of the associated finite morphism ¥ of (2.3) we shall assume

either

(3.1) ¥: %X»I 1is the normalization map (¥ being finite, this condition
is equivalent to the reguirement that ¢ be birational)
or

(3.2) ¥: X+ 1is of degree 2 and I is a normal surface.

Definition 3.3. ¢ <s said to be a quasi-genertc canonical projection

if one of the conditions {(3.1), (3.2) <Zs satisfied.

Also, for simplicity of notations, we shall assume e=1: we want to show

that if ¢ is guasi-generic, then the matrix o giving the resolution
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(2.9) can be chosen to be a symmetric matrix.

We already remarked that I is defined by a homogenous pglynomial £,

whose degree we shall denote by n (recalling that s= I 2y We have
h i=0

by (s+1-2£j)=n in case (3.1), =2n in case (3.2)).

3=1

By [De] prop. 5.9 the sheaf Oz(n-s) is the dualizing sheaf wz for I.

Let's first discuss case (3.1), when ¢ is birational.

Let I'CZOZ be the conductor ideal of V¥, i.e. I'= HomO (W* OX'OZ) and
z
let 7 be the inverse image of 7' under the surjective homomorphism of

OIP onto 02 .

Definition 3.4. I <s called the adjoint ideal to I.

1
Now (cf. [Ha] 7.2, page 249, to whose notation we adhere) V¥° wz is a

dualizing sheaf for X, hence W! wz i Wy hence

" i a L
Y Wy = Yel¥" w_ ) = Hom (Y Ox,wg) = Hom (Yx O, Oz(n—s)).

o
z 02 5 X
Since . =c§ (n-s) is torsion-free, we clearly have (since OZ‘*W* Ox ”
taking Homo Yan injective homomorphism p:
z
P o
(3.5) 0 ——— vy, Wy —F W, = OZ (n-s)

and, in fact, in view of the characterization of wz in terms of residues

(cf. [Re] pp. 284-5),

(3.6) I' We  C op(¥y wy), equality of sheaves holding at the points of

5L where W, is invertible.
For further simplification we shall consider only case 1.1, from now on.

Definition 3.7. Let Vv be a homogeneous element of R of degree 4;

noting that R{1) is (by 2.7) the module associated to the sheaf ¥x mx ’
~
we have that v, by 2.5, determines a homomorphism Vi OIP(--(d--H)'>
A%

N
> ¥ Wy and therefore p e V 18 represented by an element %, homoge-—

neous of degree n+d-s-1, in A/(f). BEA <is said to be a lifting of v if
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v
the residue class of B in A/(£f) <s Just V (note that a lifting B of v

therefore always exists, and is unique 1f d<s+1).

In terms of the foregoing definition, we can formulate the main theorem

of this section in the following way.

Theorem 3.8. Let Y be a quasi-generic birational projeetion, and let
v1=1,v2,...,vh be a minimal set of homogeneous generators for the A-mo
dule R. Let moreover B be a symmetric matrixz whose entries Bij(i,j=1,...,h)
belong to A and are a lifting of (vivj)GR.

One can then choose a minimal resolution of R, corresponding to the

choice of VagreessVys such that (cf. 2.9) the matrix o is symmetric and
sueh that B=Ah-1(a) (and therefore a=(f)~(h-1) Ah—q(B), since f=det(u)

in case (3.1)).

Remark 3.9. The proof would be immediate <1f one knew a priori that

-(h~1)  h-1

det (B)¥ 0 since then, setting o as f A (B), we would have

aB=f Ih (Ih being the identity h x h matriz), therefore a would be a

matrix giving all the relations among the vj’s {(in fact, since R is an

integral domain, L o,,v.v,=0 Zn F <mplies I o_. v,=0 <n R, conversely
. i3 3 h . 1]

J J
if Zy.v =0 in R, ¥h L v,B., is divisible by £, hence 3 with
5 33 5 3 jh h
fkh= z Yijh' and then, since oB=f Ih, and A s an integral domain,
]
Y. = L oo, A ),
3 h jh h

Proof of theorem 3.8. We shall compare the two minmimal free resolutions

of R given, respectively, by (2.9) and (2.15), and we use the notations
h

h
introduced in (2.14), i.e. L'= @ Ar), = @ al-i).

j=1 i=1
Since two minimal vesolutions are <isomorphic, using the canontecal iso-

morphisms of H4((y),L°)V with L1(1) (resp.: of H4((y), L1)v with L° (1)),

and the isomorphism T of R(1) with H3((y),R)v used to prove (2.18),

we infer the existence of isomorphisms 1,,T, which make the following

170

diagram commute:
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4 L el L — R +0
T
N | o ..
1 t
(3.10) 0 = L —Oiﬂ L° —_— R -0
e e T
. !

oty -1 22— vy, oVt — i), BV 10

Let {E1""’Eh} be the canonical basis of L°,{E;,.,.,Eé} be the canoni-

cal basie of L1, so that E, maps to the element v, of R.

We reeall now (cof. [Sel, p? 253 and foll., [ Dol p.40) how the local co-
homology groups with respect to the maximal ideal (y) of 4 are effecti-
vely computed.

Let V be the free A-module having as basis the differentials
dYO,...,dY3, and graded in such a way that deg(in)=—mei, and let Rm

be the homogeneous element of V (of degree 0) given by

3
(3.11) A= % v™ay.)
S O

Then, for every A-module R, the cohomology groups H* ((y),R) are the 1i-

mit, for m>>0, of the cohomology of the Koszul complex
Axm Ai+1

i
vee A VR B>

R e e
A VQA

We have therefore the following commutative diagram with exact rows,

and with columns giving the Koszul complexes:

2
o—»Avsz:AL1 ~—°‘-—>A2VQAL°—»A2V@AR——-—>0
34' 1 3wlr +
(3.12) 0 — Ave 1 2 a've 1° — a%vae R — O
J/A +A \}A
o——»A4ngL1 —LA4VQAL°“—+A4VQAR—-—*O

Let n be any element in H3((y),8): then n is represented by a cocycle
h 3
L >
n 151 ny v, in A v &A b4

3
(hence n1,...,ﬁh€A vJ.

Letting 4 be the coboundary map of the long cohomology sequence assoeia

ted to (3.12), we have that
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h
d(n) Zs represented by (a) (A_ AN L n, E,).
Let r be an integer <h; to compute To(Er), we use (3.10): ©Zt must hold
(3.13) < T, (E),d n >=<<tlv ), n>> vners ((y) ,R)

<,> ,<<,>> denoting the two pairings given by Serre duality on P and X
respectively.

To compare the above two pairings, let F be the subsheaf of OE)(n—s)
which is the inverse image of p (¥, wx) (ef. (3.5)) under the surjecti-
ve homomorphism of OE)(n—s) onto Oz(n—s): we have the following exact

4 .
sequences (where F=I0E>(n—s) except possibly at the non Gorenstein points

of L):

o
[
T
]
+« ™ O
=
L
£
o

0 — o0 (-s) ——= 0_ (n-s) — Oz(n—s) — 0

i
g

which give an tsomorphism B:Hz(w* LL)X)->H3(0]P (—s)):m, as 1t 18 easy to
check.

Under the natural identifications described before (2.13),

o H3((y),R) —%~+H4((y),A(—s)) 18 obtained by lifting a cocycle with
values in R to a coecycle with wvalues in A{n-s), taking its coboundary,

and then dividing by f. Hence

h
-1
<t (Bp),dn> = <1 (B ) 0 (A A I nyE.)>=
i=1
t -1 h
=<{a) T {(E), A A In,E.>, while
o r m° ivi
i=1
h h
<<T(Vr),ﬂ>> = <<T(Vr),'2 n;vy>> = 3(‘Z ﬂi(VrVi))=
i=1 i=1
1 h
= —(A_ A I nB ).
£f ' m", iri
i=1
1.t b
Therefore, setting 1T, {(E_) = —(70) I B, E,, we have a lifting of 1, and
r £ =1 jr j
we conclude that
-1 ¢t _ 1
(3.14) .= ¥ a By Ty = F B a
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To finish our proof, it suffices to change the givem minimal free reso-
lution in order to obtain, instead of «, T o= % ta 8 a, which is now
a symmetric matriz.

e . h=-1 R R
Also (ef. remark 3.9), it is easily seen that B8 = A o gives a Llifting
of the products vivj, and af = Ba = £ L, -

C.E.D.

To end this section, we indicate how a similar theorem holds in case V¥

is a quasi-generic projection of degree 2 (cf. [Ca 1]). In this case,
since I is normal,I is the quotient of X by a biregular involution

o: X+X, and we have a splitting of the functions on X into o¢*-invariant,

resp. o*-antiinvariant ones: in other terms

3.15 =
( ) ¥, 0y =0, ® F.

Accordingly, we have a splitting of B as a direct sum of A-submodules
{3.16) R = R" @ R'

We have, though, another splitting of B as a vector space: in fact ¢
induces an automorphism ¢* of R, and if we denote by r* (resp.: R )
the (+1) (resp.:(~1)) eigenspace for ¢* , we alsoc have

(3.17) R= B e R (note that in fact Y is a subring).

We observe, concerning this last splitting, that ¢ induces the trivial
projectivity on P, hence first of all the yi's are eigenvectors for o%,
moreover, ¢ being an involution, c*(yi)=t Yir S0 finally, since o* indu-

ces the identity on I, either

* — 3=
(3.2.a) o} (yi) =y (i=0,...,3)
or
ej
(3.2.b) c*(yi)= (~-1) Yy (i=0,...,3)

Notice that B"=R+, R'= R if and only if we are in case a).
We also remark that, by the same argument of proposition 2.7

4%
?* wy = R(%£1), hence

(3.18) W* Wy = OZ (1) & F{z1).

Now, in case b), since o* acts as multiplication by (-1)m on Am' it is

easy to see that F(*1) corresponds to the sheaf of o*-invariant sections
of Wy (resp. : 02(11) to the sheaf of antiinvariant ones).
The fundamental fact that we shall use here is that o* acts as the identity



88

on Hz(Slﬂé)gﬂz(X,w }. This fact can easily be checked working over T, as
Ay . :

we do, since H2{S,Q§)2H4(S,§I}=H4(S,E }J8T and c*acts as the identity on

Hé(s,% ) {0 gives in fact an orientation preserving homeomorphism of S).

~ +v +
Therefore, while we apply Serre duality on X, we have (Rm) = B+1_m ’
and, in particular, in case b) we have

+ +

= pu - '
Bom = Bom v Pomstr = Bopaen

{and analogously for R ).
We choose now a resolution of R given as a direct sum of a resolution

of R" and of a resolution of R', and let o be the matrix giving such a

o
resolution (hence a is now in the form £f 01\, since ER" = A/(f)).

0 o'
Applying the weak symmetry statement proved in §2, we see that (tu)
gives a resolution for a module isomorphic to R{%1); but further, ap-
plying the above remarks on duality and o*-variance and looking at the

computation given before (2.15), we see that ty gives a resolution for

(3.19) R'(£1) ® R" (1) in case b)

BR"(x1) @ R'(+1) in case a).

In case b), we conclude that, up to a shift of grades, also R' is a
cyclic module 2 A/{f}.

So in case b) R is generated by 1, v, and, if the matrix o is normalized

2
as we did in §2 (with decreasing degrees as the row and column indeces

f1, and deg f= s £1-%

increase ), then a has the form [0
£ 0

2

Definition 3.20. Case (3.2.b) is called the standard case {of a quast

generic projection of degree 2). The canonical vimng R is then generated
. . 2
by Yor¥ r¥yr¥3:Y, with the relations f(yo,...,y3)=0, v2=G(y0,..,,y3),

where G is a homogeneous polynomial of degree equal to 222=2(si1—n).

We pass now to the non standard case (3.2.a), which is the only one we
are going to consider in the next paragraphs.

In case (3.2.a), first of all, by (3.19), deg(f)=si1.

We choose as a minimal system of generators for the 4-module 7, v1=1
as a generator for R+, and v2,...,vh a minimal (homogeneocus) system of

generators for R .
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4
The resolution for R is clearly given by

0 —— 4(~n) t, 4 R 0 (n=degree of I )

while the resolution for & will be of the form

all

(3.21) 0 — L"1 Lno R 0

The situation is technically simpler here, than in the birational case,

since the product of 2 antiinvariant functions is invariant, so we have
. . - - + . s . . v

an A-bilinear map of R X R ~R , hence it is evident how to "lift"'

13
is taken here by the branching ideal B, the inverse image in 4 of

v,v., for i,j>2, to an element Bij of A. The role of the adjoint ideal

- - +
R -« B CR , and which is spanned by the Bij‘s (i,3>2).

The analogous theorem to 3.8 is, in this situation,the following

Theorem 3.22. (GiZven a non standard quasi-generic projection of degree

2, and a minimal system of homogenecous generators VoreessVy of R as
an A-module, let B" be a symmetric matrixz of size (h~1)x(h-1) whose
entries Bij (i,3=2,...,h) give a lifting of vivj. Then one can choose
a minimal free resolution of R , assoetated to the given choice of ge-—
nerators, such that {(cf. 3.21) the matriz a" is symmetric and

0(‘nBu = B"all = f Ih__,']'
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§ 4. DETERMINANTAL EQUATION, ADJOINTS AND THE CANONICAL RING.

Let's assume again that ¥ gives a guasi-generic¢ projection, and let
1=V11V2;~--1Vhbe a minimal set of homogenecus generators for RA.
Then, since g is a ring, VivjER, hence, ]:Eor i,]?‘::z,...,h, there exist ,
for k=1,...,h, hgmogeneous polynomials Qij = zji with the property that
(4.1) Vivj = 3 lij Vier

k=1
and the £§j's are defined uniquely modulo the relations

h
(4.2) Lo =0 (i=1,...,h)

sV
j=1 133

Theorem 4.3. R {s generated by 1, Ygrewer¥ar VoreeesVyy and the rela-

2
tions among these generators are generated by the h(h+1)/2 relations

(4.1) and (4.2).

Proof. Let D be the ring E[yo,...,y3,v2,...,vh] (graded in an obvious
way), and let J be the ideal in D generated by the relations (4.1) and
(4.2).
Since the relations (4.1) hold, we have that D/J is generated by
V1=1,V2,...,vh as an A-module. Since the natural homomorphism of D in
R i8 onto, R is a quotient of D/J, but on the other hand, since the re-
lations (4.2) hold in D/J, D/J is a quotient of R as an A-module. Hence
R = D/3.

Q.E.D.

Remark 4.4. Case (3.2) occurs ezxactly when one has Q?j=0 for

k=2,...,h, (and then L ., = B . in case 3.2.a).
ij i3

Let's consider now the case (3.1) when ¢ is birational. Since X is the
normalization of I, it must be true that the ring 7 be completely deter-
mined by the symmetric matrix o. In fact we know that g = Ah-q(a) is
a matrix such that Bij is a lifting of Vivj’ hence (4.1) implies that
h
k

(4.5} B..= Z &;. 8
ij k=1 ij "1k

(the equality should a priori only hold modulo £, but, since
h

£f= Z % 81k' we can always modify the 2%.'s in order that (4.5)hold}.
k=1 ]
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It is immediate to see that (4.5) is equivalent to the following Rank

Condition mentioned in the introduction:

{(R.C.) let o' be the matrix obtained by erasing the first row of the svmmetric

h-1
matrix a: then the ideal in A4 generated by the entries of B=A (a)
equals the ideal I generated by the entries of Ah—1(u'),8

417 - Bane

Remark 4.6 : in the following we shall gee that the (R.C.) is directly

retated to the theorem of Rouché-Capelli.

Proposition 4.7. Let o be a symmetric matriz of homogeneous polynomials

of degrees as above, and assume that o satisfies (R.C.), that depthI(A)z2,
and that f=det{a)#0.

Let B be the A-module generated by v subject to relations

1 h
(4.2}, and define an A-bilinear product on R according to (4.1) and

=1,v2,.,.,v

the request that V1=1 be the identity. Then this product 1s well defined,

~
18 commutative and associative, hence makes R into a commutative

A-algebra R.

Remark 4.8. The condition depthIAiZ holds iff the gijvs have no common

factor, and, a fortiori, if f=det(c) <s an Zrreducible polynomial.

Proof. of prop. 4.7. The ideal I has the following minimal free reso-

lution

(4.9) 0 QR AN R Sl G- A I 0

(L", L' being free A-modules of respective ranks equal h~1,h), by virtue

of Hilbert's theorem (cf. e.g. |Eil, thm. 2,p. 122). In particular, <if
h

b 9, B1t=0 in A, then there do exist, for i=2,...,h, elements u, in

t=1
A s.t.
h
{(4.10) gt = .Z ui ajr for each t = 1,...,h.
i=2
h
Again since £ = 3 aitsit’ we can obtain that the same conclusion hold
=1

h
1f only z 9 81t50 (mod. £).
t=1
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To check that the definition of the product is well posed (we have up
to now only specified the product of a pair of generators), we must

verify that

h
4.11) ('Z onijvj)vk =0 4in R, Z.e. that
i=1
h
(4.12) 5 o, z?k v, = 0.
£3=1

(4.12) holds if and only if there do exist u?””’uheA s.t.

h N h
. X = .
aij jk z Us Yst
s=1

j=1

By our previous considerations, it suffices to show that

h
b a, ., 2? B = 0(f), but this is true, since, by (4.5}, this expres
) ij 3k "1t =
t,i=1
h
2 A .. = f
sion equals .Z aij B]k dik’
j=1
The commutativity of the product is obvious gince o 18 a symmetric ma-
triz, hence B is also symmetric and Rij = 2?1; on the other hand, show-

ing that the product is assoeiative amounts to proving that, in R,

(4.13) (vi'vj)vk = Vi(vj-vk) for each i,3,k=2,...,h,

h
Z.e. ( j L. vV, )V, = vi( % gjk VS), or still more concretely,

h h h ~
¥ [( > Z;- 20 - (2 af 2T olv, =0 in R
r=1t t=1 ] s=

By the same remark we used above, it suffices to show that

hyp h h
z [( T ab ey - (x2S gF )] B, =0 (mod £), or, using (4.5), that

r=1l g=q 13 K s=1 Jk 38
h t h s

(4.14) (5 e/ By) =(E 25 B,0=0 (moa £).
t=1 s=1

. i _ _ ,h-1 -
We notice further that, since f=det(a),B = A (o), Bij Bkt' Bjk Bit
(mod £) (ef. [Ca 1], 1.2 p. 437).
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ho by
Hence 81u(t§? lij Bex) E tj1£ij Bre Bux =
h
= Bi5 Bux T Byx Biu::sf,‘lik P15 Piu
h
=g, (riss

Ta s=1 jk is

We have thus obtained that the expression g in {(4.14) <s such that
61u g €(f) ¥ u=1,...,h. Since the 61u's have no common factor, it

follows that f divides g, as we wanted.

g.E.D.

Assuming o to be a matrix with all the good properties we requested so
far, we define X to be Proj(R) (cf. 4.7), so that the inclusion of 4/(f)
into K defines a morphism VY:X- I.

Since our aim is to recreate the situation we started with, we first
notice that ¥ is a finite morphism : in fact R is a finite A4/ (f)-module

generated by v, =1,...,v,, hence, over any affine piece on,Y*OX is a fi-

1 h
nite oz-module. With the notations we have thus set we have

Proposition 4.15. Assume the ring R is given as in 4.7, and assume

that f=det({a)is an irreducible polymnomial. Then Y¥:X=Proj(R) — I =

= Proj(4/(£)) Ze a finite birational morphism.

Proocf. By the remarks made previously, it suffices to exhibit a ratio-
nal inverse for V.

We remark that, R being generated as a ring by Ygreeor¥3r VoreeasVy,

we have a natural embedding

(4.16) Xc P =B (@ reeeregs Byrenesty)e

In this respect, we can view {since v1=1) equations (4.2) as a set of

inhomogeneous linear equations in the unknows V_,...,V

2 h
rank condition is nothing else than the condition in the Rouché-Capelli

(therefore the

theorem):

g &
@
<
I
]
=]
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The system of equations has a unique solution for the points y in PP
where o' has rank = h-1, and then the solution 1g given, by Cramer's

rule, for j = 2,...,h, by
4.17 = .
{(4.17) Vj B1j/811

Sinece, by the irreducibility of £, the locus defined by I=(811,...,B1h)
has codimension 1 in I, we conclude that ?-1 18 given by the restriction

to L of the following rational map ?-1: P — — — B s.t.

-1
(4.18) ¥ y) = (vg Byqe¥y Byqr¥y Byqe¥y Boqr BagreeerByp)-
Q.E.D.

Corollary 4.19. X is the blow-up of L in the ideal T generated by

(811""’81h)'

Proof. Obvious by (4.18).

Q.E.D.

Remark 4.20. The ideal I , generated by 811""'B1h in 0 18 contained

Z)
in the conductor ideal I'= Hom (Y O, O ).
OZ X L

~

Proocf. Since I is generated by the B1j’s, it suffices to prove that,
the isomorphism of TI(I) with T(X) being given by (4.17), B1j Vi 18,
for every 3,k, a regular section (of an invertible sheaf) on X.

g,.8 /511, and B1j61 -B,.B 0 (mod f), hence

But < = =
ut in fact 61jvk 15°1% k 117 ik

B1jvk=8jk'
Q.E.D.

Proposition 4.21. Assume that the only singularities of X are R.D.P.’s:

then T = I' (cf. 4.20).

Proof. If X khas only R.D.P.'s as singularities,X <is normal and the
dualizing sheaf wy is invertible.

Since the local rings of I are C~M (Cohen-Macaulay), the conductor
ideal I' is also C-M, and equals the ideal T = (811""'B1h)' which 1g
also C-M, provided equality holds in codimension 1.

In codimension 1 we can use Wilson's argument ({Wi]l, cor. 1.4) to the
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effect that the normalization X equals the blow-up of L in the conductor

ideal I': we conclude then by cor. 4.19.

Q.E.D.

, :02(n~s) is an invertible

sheaf: then, as we saw before (cf. (3.6)), ¥, w

For simplicity, let's assume now that w
N

= 4 -
X I Oz(n s).
Furthermore the ring R is such that the A-module R{1) (R{-1) in case
(1.2)) is isomorphic to the 4A-module associated to the coherent OE>~sheaf
¥ Wes in fact, if 7 is the ideal generated by (811”"’81h} in OP '
we have the exact sequence (4.9) for the associated A-module I, and
I/(f)I is easily seen to be isomorphic to E. On the other hand, by the
embedding (4.16) of X in ﬁ‘, one sees immediately that R(x1) is the

module associated to the invertible sheaf OX¢t1). We have thus proven

Theorem 4.22. Let Cgrev-rey be positive integers with G.C.D.(eo,...,e3)=1,
and let A be the graded ring E[YO,...,Y3] where deg(Yi)=ei. Let moreover
be given positive integers 21=0<£2§ een ikh, and a symmetric matrix o
of size (h x h), with entries aij homogeneous polynomials of degree
3
S+1+li—2j (resp: s—1—2i—£j), where s= I e.,; assume further that o sati-
i=0
sfies the rank condition (R.C.), that f=det{a) <s an <Zrreducible poly-

nomial defining T C P = Proj{4) with W invertible, and finally that,
R being the ring associated with o as in prop. 4.7, X=Proj(R) has only
R.D.P.'s as singularities. Then X isg the canonical model of a regular
surface of general type (resp: the anticanonical model of a weak Del
Pezzo surface) and V¥:X +I <s a quasi-generic birational projection

(as in § 2).

We have now an analogous result describing the case {(3.2.a) of a non standard quasi~
generic projection of degree 2, but in this case there is a big restric

tion on the degrees 22,...,2h. As we saw in remark 4.4, case (3.2.a) is

a11=f (equation of I), a1j=g for j>2, and det(a")=

=f , hence f has degree equal to ({s*1), while I (sx1-22.)=s*1, more-
j=2

<gt1 {in particular £h<si1), hence

a special case where

over {2.12) says that £.+%
h h J

t1- = -9, - -{s* -(s* » h<2g+2.

jE2<s 1 2£j) j=Z1(S L Qj 2h—j+1) (s*1)>h-(s21) h<2s#2

h-3+1
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On the other hand here the rank condition (R.C.) is trivially satisfied (since, in the
notaticn set up in 3.21, 3.22, 811=f, B1j=0 for 3>2, Biszij for i,3>2). For further
simplification we assume that, according to def. 2.4,the ei's are normalized.

We remark further that I must be normal (with mzfoz(1), i.e. is a

*
canonical surface) and then the ideal B generated by the Bi.’s, defin-

J
ing a locus contained in the singular locus of I, is such the support of

01’/3 is a finite set of points. Conversely, to a matrix a" as above
we associate a ring R generated by Ygre--1¥3r VoreearVy with the rela-

tions

h
s 5 a.. v. =0 (i=2,...,h)
(4.23) =

- B y=g" ) . . . "
Vivj Bij (¢ ij) B" being the adjoint matrix of a'"})

and we denote, as usual, Proj(R) by X.

Theorem 4.24, Let 4, s, be as in thm. 4.22, and let be given positive
h

integers 22,...,Rh such that 2‘2 % . =(h=-2} {s+1) (resp.:={h~2) (s~1),and

i=2
let a" be a symmetric matriz of size {(h-1)x(h-1) whose entries a__
{i,3=2,...,h) are homogeneous polynomials of degree s+1-ﬂi-£j {resp.:
s-1-2i—2j). Assume that f=det(g") is an irreducible polynomial defining
a normal surface LC¥ with wz '—,\‘102(1) invertible (and that the e; 's are normalized).
Let the ring R be given as in (4.23), and assume that X=Proj (R) has
only R.D.P.'s as singularities.
Then X is the canonical model of a surface of general type (resp.: the

anticanonical model of a weak Del Pezzo surface), and ¥Y:X+I s a

quasi-generic projection of degree 2.

Procf. VY is finite since R is a finite A/{(f) module. Moreover, when

B.. # 0, we have v° = B, ., v.=(v, v.)v, v 2=B, B -v,, hence ¥ is
ii i ii 3 3 i77i i iy Tii i
unrami fied at the points where the rank of a" s (h-2}. Since mx, wz,

are invertible and Y is unramified in codimension 1, we have

*

wx =¥ we = W*OZ (+1), as we wanted to shouw.

Q.E.D.

Remark 4.25. If I has only R.D.P.'s as singularities, then the game

oceurs also for X.

* But, cof. 2.4, if 0(1) %

0, LI is a K3 surface!
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In fact this is trivial for the points where ¥ <s unramified, whereas,
if Bij(P)=0 ¥i,i=2,...,h, then the Znverse <mage of P is a single point
Q.

Since the germ (L,P) <s the quotient of (Ez,O)by a finite group

G C sL{(2,T), and (L,P) Z¢ a quotient of X by (Z/2) and ¥ is locally
ramified only at Q, also (X,Q0)ig of the form (EZ,O)/G‘, G' of index

2 in G, hence Q 18 a R.D.P..

Conversely, if the points of I where the Bij’s vanish are smooth points
of P, then ¥ has only R.D.P.’'s as singularities 1f X does.

In fact, the quotient of a rational singularity ie again rational, and
R.D.P.'s are precisely the rational singularities with the Zariski tan-

gent space of dimension 3 (ef.[Ar 21).

5. THE CLASSICAL CASE AND EXAMPLES.

At the end of last section, we have given two existence theorems, (4.22)
and (4.24), for regular surfaces of general type (the existence part
for weak Del Pezzo surfaces is of no interest, in view of prop. {(1.17)).
But whereas the matrices a" in theorem (4.24) are only subject to an
open condition, the matrices a considered in theorem (4.22) are also
subject to the closed condition (R.C.).

Thus we want analyze condition (R.C.), observing first that (R.C.) is

a global condition, but in fact equivalent to local ones: in this re-
spect we shall show how the local generic case fits in with the clas-
sical picture of the "ordinary" singularities occurring for a generic
projection.

As a second goal, we want to show that the theory developed so far is
non vacuous, and that it is in fact, under mild conditions, possible

to construct smooth X's.

We denote still by I the ideal in 4 generated by by I

Birre oo rBaps
the associated ideal sheaf, and by TI=Proj(4/I): since I is C-M T is a
scheme of dimension 1 without embedded points.

Also, by 4.9, Bij € T if and only if its stalk belongs at I for every
point P in 1IP.

X being the blow-up of £ in T, we want first of all I ~I to have at worst
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R.D.P.'s as singularities. To simplify our local computations we shall
assume that the points of I' are smooth points of I?, e.g. that P = P3.
We denote again by a" the minor of o obtained by deleting the first row
and column of o, so that det(a")=611, and we shall denote by F the as-

sociated surface, called the adjoint surface.

Remark 5.1. For later use, we observe the following.

We have showed that the datum of the ring R with an A-module structure
and with a minimal system of homogeneous genmerators 1=v1,_..,vh and

the datum of a symmetric matrix o satiefying certain conditions are
equivalent to each other. Now, we can pass from one system of generators

to another by acting with the group G of transformations g s.t. g(vj)=
h

E1 gij vy (3J=2,...,h), with 9;

3 € Ag - "
i j i

Correspondingly, the matrix a is transformed into the matrix

(5.2) g a Fg.

On the other hand, the group H of graded automorphisms of 4 also acts
on the given set of matrices, and G and H give a semi-direct product
(with G being the normal subgroup) G X H s.t. the orbits of the action
of G H give the isomorphism classes of the morphisms ¥Y:X~+I.

We notice finally that the action of G is obtained as a composition of
elementary transformations, of the kind: adding a multiple of a row to
a given row and then performing the same operation for the correspond-
ing columns, or multiplying by the same constant a row and the corre-
sponding column.

We are now in a position to study, locally at PEP , the closed and the
open condition imposed upon the matrix o: to do this, we shall work

with the local ring 0 of germs of holomorphic functions around P,

P,
denoting M its maximal ideal.
P,P
Remark 5.3. Since 0. * = (0 *)2, by the Babylonian theorem, qua-
T ———— P,P P,Pn
k

dratie forms on (OP ]P) split as q, & dys where the associated matri-
1

4= tdentity matrizx, A2 has entries in MP,]P' Also,

ces A1,A2 are s.t. A
h-1 R ,
since we want the ideal spanned by A (a') to be invariant, we shall

only allow to change O to gatg where g belongs to the subgroup G of
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GL{h,0 } of the matrices whose first column is = t(1,0,...,0).

P, P

We observe now that, if PEl', then a"(P) is not invertible, hence rank

(a" (P)) % h-2.

Case I: rank {(a"(P)) = h-2 (PE€T,also).

X z
We can assume then, acting with G, that o ={ z y ()

where y, z€HN

PP’ since P is a point of T,
r

I={y,z), so the (R.C.) implies that 3 a,beop P s.t. x=az+by. There-

r
fore a local equation for I is given by

(5.4) f = azy + by2 - 22 = Ay2 - ;2

2
where = z - %y, A =(b+ %r }, hence (y,z)=(y,z)= T.
We impose now the condition that X, the blow-up of I in I, have only
R.D.P.’s as singularities, and in particular we ask when is X smooth.
An easy computation shows that X is wholly contained in one of the two

charts of the blow-up of I along I', hence there are given local coor-

(\/ s
dinates (x1,x2,x3,t), s.t. OP,E>= E{x1,x2,x3}, where X is defined by
2
(5.5 A= t7=0 , where A,g,yéEE{x1,x2,x3}.
g -ty

Two further possibilities occur: if A(P)# 0, then P has two inverse

images P1,P2 in X, and the local form of the upper left corner of o

= Aq/zc. Then P1 and P2 are

)

can be reduced to (n ;') with n Ay, T

'
R.D.P.'s (resp.: smooth points) of X <> the surfaces n+z', n-¢' have a
R.D.P. in P (resp.: a smooth point in P).
If A(P)=0, then P has only one inverse image in X, which is a smooth
point of X if and only if {A=7=0} is a smooth curve at P, The local form

of the upper part of o is (Ay z )and we have a R.D.P, if and only if
o y

i) A is a local parameter at P, say A=x and then

1!
,x3) defines a R.D.P.

2
C(t X fx3)— t Y(tZ:X

2 2

ii) ¢ is a local parameter at P,(say = x3)and x3=ty,A=t2 define a R.D.P.
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In particular, if P is a smooth point of I', then one can choose coordi-

nates x1,x2,x3 such that the local equation of I is either

x1x2=0:(1) =(I' double curve of I) or
2 2 : .
(5.6) X3—x1x2=0:(II)=(P pinch point of the double curve) or
2 2 i 2 s
x3-Ax2=D:(III) with t —A(x1,x2,tx2) defining a R.D.P.

(in particular in the first two cases we have smooth points of X, in the third

. , 2
ony if A=bx2+c Xyt ¢ with b,cEr, <1>€MP’}P , and b#0).

Case II: rank {a"(P)) = h-3 (hence automatically P€r).

We can assume, up to G eguivalence, that o has the form

(5.7) Y u v

u pY; z (:) where x,y,z€MP’E,-

v z y

> Th-3

Proposition 5.8. wrank (a"(P)) = h~3 = rank (a{P)) = h-3.
Proof. If u(P)#0, then 833(P)= uz(P)#O, against (R.C.).
An entirely analogous argument yields v(P)=0.
If Yy(P)#0, we may assume Yy = 1 (then Y Z¢ a square Y=w2, and we can

divide first row and column by w). I being the ideal (xy-zz,uz—xv,uy—ZV),

we shall
It suffi
m>3, and
{mod I},
We shall
We have,
Asu,v €
and anal
Finally

once.

derive a contradiction if we show that IC(u,v)m for each m.
ces then to show that IC(u,V)B: in faet, by induction, if
IC(u,v)m, since (Y being = 1, and (R.C.) holding true) xzu2
zzuv {mod I}, yEv2 (mod 1), we have IC(u,V)-IC(u,v)m+1-
show that x,y,ze(u,v)z, so IC(u,v)3 wtll follow a fortiori.
by (R.C.}, x=u2+k(xy—zz)+ e (uz~xv)+v{uy=-zv), for suitable
OP,E” hence x{1-Ay+uv) € (u,z,y,v)z. Hence x€(u,z,y,v)2,
ogously we infer that ye(u,z,x,v)z, hence y,x€(u,z,v)2.

ZG(H:V,X.Y)z c (u,v,z)2 = Ze(u,v)z, thus our claim follows at

Q.E.D.
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Question 5.9. We believe that (R.C.} may imply that rank{a) = rank{o')=

= rank(a") for each point of T, but we did not check Zt.

Remark 5.10. A little bit more of computation shows that, i1f F 1is

the ideal spanned by (X,y,2z) in OP P’ then w,v, belong to F, while
I

YX,YYr»Y2 belong to Fz: then, e.g. <f (x,y,2) form a regular sequence,
also Y belongs to F. In this case also, since I has no embedded primes,
we see that, given u,v € F, y i8 uniquely determined modulo I (1f Y0¥y

are two solutions, then, if g=y1—y gx, gy, 92 € I, = g € I).

2)

Let's assume now that (x,y,z)form a regular sequence in ¢ : we can,

P,
by remark 5.10, assume, acting with a suitable element of G, that the

upper part of the matrix o has the form c1x+czy+czz gy d1x+d2y+d3z

gy X z
d1x+d2y+d3z z y
and an elementary computation shows that (R.C.) is satisfied (cf. remark

5.10) if

(5.11) e,=4 d2 , C

= 2 -
1=94 —d3g+d c,=d.,d. +gd

2 2 ! 3 7273 17

i.e. vy = d2v + g(d3y+d1z).

We are going to describe the nature of the singularity of I when g,dq,d2
are general and to make our discussion clearer let's assume that the
di's, g, are indeterminates, as well as x,y,z.

Let's work thus in the ring R[ x,y,z], where R:E[d1,d2,d3,g].

Then the 2x2 minors of the matrix

4"

o = dzv + g(d3y+d1z) qy v define conics
qy X z
v z vy

in ]Pi, and they belong to the R-module of conics generated by xy-zz,
gyz=xv, gyz—zv.

Since these last three are independent, they span a net with a base
scheme of length 3 (if we work now on K = alyg. closure of R}, which
consists in fact of 3 distinct points. Therefore f=det(§} defines a cu-
bic gJinipi which has 3 double points: in fact if g=A2§‘ B vanishes

at these 3 points by (R.C.), and f2=det g, 80 that f2 vanishes of order

¥d3



102

at least 3 at these points.

Hence % consists of 3 lines in P; , and therefore f splits into the
product of 3 linear forms in R'[x,y,z], where R' is an algebraic exten-
sion of a localization of R.

In fact, even in the special case g=0, we have f=v(x2d +22d2+xzd3), hence

1
the singularity of I is that of a triple peoint, i.e.

{(5.12) f=x1x2x3 in suitable holomorphic coordinates (x1,x2,x3).

Definition 5.13. We ghall say that the matriz o ig semiordinary i1f the

following conditione hold (we assume here that T 1s smooth
) rank a"(P)>h-3 for each point PEP and, at the points where o"(P)
has rank =h-3, Ah_z(a") generates the maximal 1ideal MP P (hence
P is a conical double point for the adjoint surface F):
21} F is smooth at the points where rank (a")=h-2,
111) T 48 smooth at these points,
iv) the entries of Ahuz(a’) vanish at the points P where Ah_z(a") is
zero,
v) at the points where rank (a")=h-3,T consists of 3 emooth transver-—
sal branches
ve) a satisfies (R.C.)
a s said to be ordinary <f moreover
vit) L has ordinary singularities (<.e. L -T <ig smooth, at the smooth
points of T L has singularities of type (5.6) (I)LI1), and at the
triple points of T L has a singular point of type (5.12)).

Now let's consider, after that integers 2 .,% as in thm. 4.24 have

27" h

been fixed, the vector space T of matrices o = ta s.t. ocijEASH_Z I
i3

t "

We have two natural fibrations T —— T' ——— 17" of vector spaces,
s.t. w'{a)=a', 7"{(a')=0a", with our usual notations.

Let SCT be the set of semiordinary matrices o, 0CSCT the set of ordinary
matrices: clearly ¢ is open in S. We have that S maps into S"={a"]

s.t. i), ii) of (5.13) hold}, respectively into S' ={q' Ii)—v) of (5.13)
hold}.

Now S8" is a Zariski open set in T" (cf. e.g. [Ca 1] thm. 2.8, or [Bal),
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and, in order to study the fibration =": S$' + §", we define

Sr={q° | 1) ,ii),iv) hold}. =" :S'> 8" is a vector space fibration and
g

A
S$' is open in S', as we are going to see.

-1

Proposition 5.14. If a"€8", then " (a"™)NS Y has codimension in

-1 , X
™ (a") equal to 2 t, where t is the number of singular points of

F={det (a")=0}.

v
Proof. Let P .,Pt be the singular points of F, and let b:F>F ke the

qree

blow-up of F at P1""’Pt' Denote by A; (i=1,...,t) the exceptional
- v

curve b 1(Pi): Ai z E>1 and Ai = =2, Let T be the proper transform of

I' in %, and let H be a divisor s.t. O%(H)Eb*(OF(1)). The symmetric ma—
trix o" determines a sheaf F on F which is the cokernel of (ef.[Ca 11,

§ 2)

h . h
(5.15) 0 — ® 0_ (4.-s-1) —— & 0_ (-%,) — F — 0
. P J . P
j=2 i=2
t
we have F=by O%(L), where L is a divisor with 2L = 6H + ¢ Ai’ for a
i=1

suitable integer §. There exists then a positive integer m s.t.

t
(5.16) ?‘sL+mH—22Ai
i=1
~n t
in faet by (iv) 2T + 3 3 Ai is linearly equivalent to a multiple of H
i=1
(notice that diVF(Z)=2F, ibhidem).

1
Since H (%,0%(L+mH))=O YmEZ , we have
" t
0 — H (0y(I)) — H° (O%(L+mH)) — @ H° (0, (L)) —> O,
F F ) 2.
i=1 i
. o o a
and, since Ai I= -1, H (OA.(L))—O, and then H (02A,(L)) =
N N i 2 i
= H (OAi(-Ai+L) = H (0P1 (1)) = ¢
Q.E.D.

We remark now that a'€S' iff ? is a smooth curve in the linear system
t

|L+mH~-2 T Ail, which is transversal to the exceptional curves
i=1
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Ai""’At' and such a % can be found, by iertini's theorem, if the gi-
ven linear system has no fixed points in F.

We can conclude our discussion of § concerning 7' : § -+ §'; by remark
5.10 %y is uniquely determined modulo I locally, hence also globally

modulo I{s+1): in particular if the degree of F is bigger than (s+1)

(what holds true in all but a finite number of cases), then u11 is

uniquely determined by o'. We can summarize our remarks as follows:

Theorem 5.17. A4ssume that 7' : S + 8' {s dominant: then § 1§ irre-—

ducible.

Hence in some cases there is a natural way to define a natural irredu-
ducible unirational component of the moduli space, as we mentioned
already in the introduction,

It is now time to pass to a few examples.

Example I : We saw in (2.19) that if S is a minimal surface of general
type with g=0, pg = 4, |k| free from base points and with image I which

is not a quadric, then 22= ...ﬁh = 2, and K? = 5+(h~1).

Let's consider the first non trivial case, i.e. when F?=6. In this si-
tuation, assume first deg ¢ = 2.
Then I must be normal, since otherwise, T : Y - % being the normali-

zation map, one would have [ OS =T, Ov @& F and the number of a mi-

z
nimal system of generators of R would be at least 3, since then
w, On o, .
* 7% ; z
Since the degrees of o are [5 3 ), we see that we have a standard
3 1

double cover (i.e. case 3b), i.e. the canonical ring R is generated by

1,v

5 with relations(o being = /0 a12))

agp 0
#qp (¥)=0

v§=G(y) , Where G is a quartic form.
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When Y : X - I is birational, we have a matrix o = a11 a12

12 22
with deg (a11)=5, deg (a12)=3, deg (u11) = 1,

Clearly then the aij's are f 0, f=det{o) being irreducible.

(R.C.) here gives the simple condition that one can write O4q @s

Ga22 + Qa12, where G is a quartic and Q a quadratic form. The curve T

is here a plane cubic, generally there are no triple points and 12
pinch~points.

The canonical ring R is generated by 1,v2 with relations

(112+0L22V2 = ()

]
<o

Gazz + a12 (o +v2)

2
vy =G+Qv2

and we see that we obtain the double covers of a cubic exactly in

the special case when {azz z 0}.

We have then

Theorem 5.18. Surfaces with gq= 0, p = 4, € = 6, such that |K| is

g

free from base points and does not map onto a quadrie form an ivreducti-

ble unirational open set of their moduli space of dimension 38.

Proof. The other assertion being clear, let's compute the dimension.

Given Uppr Gppr Oy belongs to a vector space of dimension (35+10~4)=41,

hence we have a family depending on (4+20+441-1) = 64 parameters: since

dim PGL(4} = 15, dim G = 11 (ef. (5.1)) we reach the desired conclusion.

C.E.D.



106

Example IT: we keep on assuming pg = 4 (g=0), but set K? = 7.
If |X| is free from base points,then clearly ¥ : X - I is birational.

We have a matrix

%11 %12 %13
a = %92 %22 %23
%13 %23 %33

where ¢ o are linear forms, degfla

227 a23, 33 ) =5, deg(u12)= deg(u13)=3.

11

Our first remark is that the three linear forms o cannot be

227 %237 %33
proportional, because then I' would not have dimension =1, and by the

same a t i = =
rgument it cannot be Gyp F035 = 0.

Therefore, either the linear forms are linearly independent, or else
the datum of o" corresponds to the datum of a pencil of quadratic

1
forms on P , hence we can assure to have one of the following cases, (up

to acting with G): a) Cqq =0
b =0
LT
c) Gy, Oyqs O3y linearly independent.

Theorem 5.19. Regular surfaces with pg=4, K%=7, |R| free from base

points form an irreducible unirational open set of their moduli space M.

Proof. We recall the well known fact that each irreducible component

of M has dimension at least 10y - 2K2=36 (ef. [Ca 4,51), and we shall
show first that surfaces of type a), b) form a nowhere dense construc-—
tible set.

We also remark that I has a resolution of the form
2
0 — 4(-5)% — 4(-2) ® 4(-4)° — I — 0,

therefore dlmm I5 11

ig fiwed). In case a) we set x = ¢

= 26 (hence Q depends upon 26 parameters, once o'

: by (R.C.) €1IC(x,y),

2
220 ¥ T %3 ®13
hence aq3 € (x,y) and also then u1265(x,y) (u11x-u12€ I). Adeting with
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G we can achieve that o then.

12 = 0,
We obtain thus a family depending on 42 parameters, which is left in-
variant by the subgroup of projectivities for which the linear forms
X,y are eigenvectors,which has dimension 9, hence surfaces of type a)
belong to a constructible set of dimension < 33.

In case b), we set 0yy=Xy Ca =Y Oypr O3
and, acting with G, and assuming to have chosen projective coordinates

again by {(R.C.) € (x,y)
(x,y,2,Ww), we can get that 0y g does not contain the monomial x (resp:
Uy does not contain yJ).

Then a12= vy qly,z,w), u13=x q'(x,z,w) and we have a family depending

on 38 parameters, and we conclude by exactly the same argument as above.
For surfaces of type C) we use the same fibrations we have considered

to prove theorem 5.17.

We set x=q v zZ=0 and recall that by 5.8 all the aij’s belong

227 Y0337 23
to the ideal (x,v,2).

We denote by V the space of matrices o with a" = (X z\ fized. V con-
. )
tains the locus Y={aEV|a satisfies (R.C.) and a'c@jinesa1~dimensional sche~

me T}, and V fibres onto an open set U={a e{x,y,2)|I <8 1-dimensio-

;0
38 127713
nallC @, with fibres either empty or affine spaces of dimension 26.

Y contains an open set (eof. [E1K)) Y' such that, for qa o in Y!

117 %127 %13

the corresponding surface X has only R.D.P.'s as singularities.

Fow,for Gypr O3 general, we have T with only one triple point as sin-
gularity and of degree 7 and to prove that Y is irreducible it suffices
to show the existence of &1j s.t. {(R.C.) holds, what is an immediate

consequence of formulas (5.11), which indeed, <f d1,d2,d3,g are qua=-

dratic forms, give an irreducible rational family an open set of which

parametrizes all surfaces of type c) (it 1s easy to see that for gene-

ral choice of these forms we have T with ordinary singularities, and

hence X smooth).

Q.E.D.

Example ITII: Let S be a weak Del Pezzo surface of degree 7.
Therefore S is obtained by blowing up Eg twice, as we noticed before.

|-K| gives an embedding of the anticanonical model X of S{X=S if P, is
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not infinitely near to 91) into IP7. Taking a projection with centre

3
aIE3 not intersecting X, we obtain a surface I of degree 7 in P which

"

has a determinantal equation f=det(o)=0, with o =/G tq with (a")
(z )

a 4x4 symmetric matrix of linear forms, ¢ a column of quadratic forms,

G a cubic form. If the projection is generic,Z has ordinary singulari-

ties {and an extra node if S ; X) and a double curve I' of degree 14

with 10 triple points at the 10 nodes of the quartic symmetroid

F={det (a")=0}.

Taking & to be a general linear form, the surface lf—detz(u")=0 is a

surface with ordinary singularities whose normalization is a simply con-

nected minimal surface with K2=2, p =1, g=0 (cf. [E] pp. 316-320,

[c-D] §5). °
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