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SURFACES WITH K2 = 6, x = 4, AND WITH TORSION (**) 

§0. Introduction. 

The purpose of the present paper is twofold: firstly, as suggested by the 
title, we prove the following 

MAIN THEOREM. The minimal surfaces of general type with K2 = 6, x = 4, 
and torsion, belong to one irreducible family, and have fundamental group 
a 2 /2 . 

Their moduli space M is reduced and rational. More specifically, ali su eh 
surfaces S are obtained as follows: there is a normal symmetrical cubie sur-
face 2 in IP3 (i.e., 2 is defined by det (<tyy(j/)) = 0, where (a,y(y)) is a 
symmetrical 3 x 3 matrix of linear forms) and there exists a doublé cover 
i// : S -* 2 branched on the singular points of 2 and on the section of 2 
with a quartic surface P not passing through the singular points of 2 . 

The canonical system \K\ of 5 is not composed of a pencil, has no 
fixed part on the canonical model X of S, but it has there a base locus B 
which is a 0-dimensional subscheme of length 4. 
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Secondly, working out this specific example, we illustrate a further 
generalization of a systematic method introduced in [C-D] and [Ca 4] in order 
to study ali the regular surfaces of general type with given numerical invariants 
K2 and x-

In fact, using the existence of a divisor 17 such that 217 is linearly equiv-
alent to zero, we enlarge the role of the pluricanonical systems \mK\ by 
considering also the twisted pluricanonical systems \mK + r\\ì and apply 
again the general machinery of free resolutions and ring structure, used in 
[Cai], [Ca4],[Ca5]. 

The method of construction of these surfaces can be applied more gene-
rally to ali the symmetrical normal surfaces 2 in IP3 (cf. [Ca 1]) in order 
to produce infinitely many families of surfaces with torsion Z/2; we have 
focused our attention to this particular class of surfaces for a couple of 
reasons, one is because when the degree of 2 is high the surfaces thus ob-
tained are not stable by deformations, a second one is because we are more 
interested on the (more difficult) problem of classification rather than on the 
construction aspect. 

Also, we believe that the remarkable behaviour of the canonical map 
singles out our family of surfaces (previous examples where the canonical 
system has precisely one base point have been investigated in detail by Hori­
kawa in [Hor 1], [Hor 2]). 

The proof of the main theorem will be given through a series of propo-
sitions, theorems, remarks and corollaries, and the paper is organized as 
follows. 

We notice first (see § 1) that a surface with K2 = 6, x = 4 has a torsion 
group T of order at most 3. The case when the torsion group T is Z/3 is 
shown not to occur, since S should appear then as a quotient by a free 
action of Z/3 of a surface Y with K2 = 2pg — 4: by the above mentioned 
result of Horikawa ([Hor 2]) we show that such an action must have a fixed 
point. 

The rest of paragraph 1 is devoted to a very careful analysis of the linear systems 
| K -I- T? | and \K\\ by a strategy involving several "reductiones ad absurdum" 
we show that in our specific case we can dispense with assumptions of gene-
rality (as in [En], [Ca 4]), because indeed both systems are not composed of 
a pencil, and | K +171 is base point free. Since then the twisted canonical 
system \K + ri\ has dimension bigger than \K\ we can apply the standard 
Clifford-type lemmas to show that | K + T? | gives a morphism 1// which 
yields the above mentioned doublé cover 1// : S -> 2 . 

Paragraph 2 is devoted to the description of the canonical ring of the 
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unramified doublé cover f:Y-+S naturally associated to the divisor rj: this 
establishes the structure theorem for 5 (here it is proven in particular that 
2 is a symmetrical cubie surface). 

Finally, paragraph 3 contains the results about the moduli space M of 
the family thus constructed. 

These last results appear already in the thesis of the first author ([Ba]), 
and indeed we refer to [Ba] for some technical details whose proof we omit; 
in particular, using the Kodaira-Spencer-Kuranishi theory of deformations, 
we prove that M is smooth on an open set (M is irreducible!), whereas we 
only prove that M is birational to a quotient of an affine space C30 by the 
symmetric group «$/4, referring the reader to [Ba] for the computation of 
the field of invariant rational functions, which proves the rationality of M. 

Some Notation 

5 : a complete smooth algebraic surface over C, minimal and of general 
type 

T : the torsion group of 5, i.e. the torsion part of Hj(S,2£) and of 
H2(5,Z) 

D = C : the divisors D and C are linearly equivalent 
D~ C : D and C are numerically equivalent 
\D\ : the linear system of effective divisors linearly equivalent to D 
K : a canonical divisor on 5, i.e. Os(K) = £ll 
pg : dimcH°(0s(tf)) 
q : dimc//

1((}s) = dim cH1(O sW) 

When q = 0, the group Pie (5) of divisors modulo linear equivalence coin-
cides with ker : ̂ ( 5 , 2 ) - ^ / ^ ( 5 , ^ ) , hence T is naturally iden-
tified to a subgroiip of Pie (5) 

77 : a divisor whose class belongs to Tt in this paper a divisor of 2-tor-
sion (i.e., such that 77 ^ 0, 2r? = 0) 

0,0 : the rational maps associated to the respective linear systems |/C|, 

\K- + n\ 
2 : the image of the rational map 1// 
CJX : the dualizing sheaf of a Gorenstein variety, for X a divisor in 5 

wx = Ox(K + X) 
@s : the sheaf of holomorphic vector fields on 5. 
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§ 1. The canonical and twisted canonica! maps. 

LEMMA 1.1. Let 5 be a minimal surface of general type with K2 = 6, x = 4. 
Then q = 0, the order of the torsion group T is at most 2 and H1

 (0S(T?)) = 
= 0 V divisor 17 whose class is torsion. 

Proof. (cf. [Bo], thm. 14, [Re]). If Y—>S is an unramified cover of degree 
m> X(0Y) - 4w, KY = 6m. 

Since K2>2pg-4 by Noether's inequality ([Bo], thm. 9), 6m> 
>8m-6 and m < 3, Hence q = 0, and T has order at most 3; the same 
argument implies that if m > 2, Y has no unramified covers, hence q(Y) = 
= 0, in particular H^/^Oy) = 0, and //^()5(17)) vanishes being a direct 
summand of the previous cohomology group. 

It remains to excìude the case: T has order 3. Then, if / : Y -• 5 is the 
Z/3 Galois cover associated to T, we have K\ = 18, pg(Y) = 1 1 and (cf. 
[Hor 2,1]) the canonical map <p of Y yields a doublé cover of a ruled 
surface IF. 

The action of 2 /3 on Y induces an action on IF. But it is easy to 
verify that any action of Z/3 on IF has a fixed point p: since <p-1(p) con­
sista either of at most two points, or of a fundamental cycle (cf. [Bo]), Z/3 
cannot act freely on Y, a contradiction. 

REMARK 1.2. From now on, and throughout the paper, we shall assume that 
5 is as in lemma 1.1 and that furthermore the torsion group T is of order 
exactly: we shall denote by 17 a divisor whose class generates T. 

PROPOSITION 1.3. I/C + 17I is not composed of a pencil (i.e., the image 
2 = \p(S) is a surface). 

Proof. Let A be the fixed part of the linear system l/f + rjl, so that 
| K +171 = A + \N\, where N is the movable part of the system. 

If |/C + T?| is composed of a pencil, we have N ~ dF, where F is a 
fibre of the pencil, d = deg (2) > 3. 

Wehave([Bo],prop. 1) KF>\, but dKF^1^ = 6, hence K F < 2 . 
Then either K-F = 1 or K-F = 2, J = 3, KA = 0. 

If / C - F = l , since F has genus at least 2, </C + F ) - F > 2 and F 2 > 1. 
In this case K*F = (dF + A)F>dF2 > 2, a contradiction. On the other 
hand, K'F = 2 and K ~ 3 F + A implies 2 = 3 F 2 + F A , hence F 2 = 0 
and FA = 2. 

Since | F | is a base point free pencil, and A is a sum of (-2) curves, 
i.e. irreducible curves E with E2 = - 2, KE = 0, we can write A = At + A2, 
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where F* A2 = 0, FA! = 2, At • A2 > 0. 
We have thus 0 = # • Aj = (3F + Aj + A2) Ai > 6 4- Aj ; sirice Ai • F = 

= 2, Aj consists of at most 2 irreducible components, but Aj < - 6 implies 
At = 2F, where E is a (-2) curve. 

In particular we should also have E • A2 = 1, A2 = — 2. 
If F is a smooth fibre, and p is the point of intersection of E with 

F, 0F(/^ + r?) = 0F(2p)} and 0F(K) is the canonical bundle of the genus 2 
curve F-, thus 4p belongs to \0F(2K)\, hence p is a Weierstrass point of 
F, and 0F(K)s* 0 F ( / T + T?). Therefore (}F(r?)^0F and, i f / : V->S is the 
doublé cover associated to ty, / splits over F. 

In other words, ^°f> F-» 2 = IP1 has reducible fibres and if \jj : F-> T 
is its Stein factorization, F is the normalization of S x ^ F and the covering 
involution i on Y is induced by the covering involution i on I\ But 
g : T -* IP1 is a doublé cover branched at some point ^ E P 1 : hence i has a 
fixed point on Y unless the fibre \jj~1(q) is multiple with multiplicity 2. 
But there cannot be multiple fibres (for several reasons, first because E*F = 
— 1, second because multiple fibres cannot occur for genus 2 pencils). 

! Q.E.D. 

PROPOSITION 1.4. | K 4- 171 has no fixed part. 

Proof. Asin 1.3, let A be the fixed part of | K 4- r?1 and write | K 4- 171 = 
= A + | N | . 

We have 6 - /CA = K'N' = AAf + N2 ; by 2-connectedness ([Bo], lemma 
1) of the divisors ~/C, AN>2 if A=£0, but N2 > deg(i//) deg(2) in view 
of l .3 . 

But either deg(i//)>2, deg (2 )>2 , or deg.(2)>5, and the chain of 
inequalities 4 > 6 - K A - AN >N2>4 can hold if and only if K A = 0, 
A N = 2 , N 2 = 4 , A2 = - 2 , \N\ has no base points, deg(i//) = deg(2) = 2. 

Since 2 is irreducible, either it is smooth, or it is a quadric cone. 
If 2 is smooth, we take i/T1 of one generic line for each of the two 

rulings of 2 = IP1 x IP1 to write N = Nj 4- N2, where clearly N1*N2 = 2 
(\jj is of degree 2, |iV| has no base points); hence N\ = N\ = 0, and by the 
genus formula tf-JV, is even, but KNX 4- #N 2 =KN = K2-AK=6. We 
can therefore assume KNx = 2, A^ A = 0, /<CiV2 = 4, iV2 A = 2, and | Ni \ 
is a base point free pencil of genus 2 curves. 

Now 0N (K 4- 17) = 0N (N2) is a line bundle of degree 2 with two inde-
pendent sections, so 0Nl(K 4-17) = coNi = 0Nl(K), thus 0Nl(t?) = 0 N l , 
and the same argument used at the end of the proof of prop. 1.3 applies in 
order to derive a contradiction. 
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So, let's consider the case when 2 is a quadric one: taking the inverse 
image of a generic line passing through the vertex of 2 we can write N = 
= 2N[ +A {Nf is the inverse image of a line, and clearly then NN' = 2, 
since \N\ has no base points). Wejiave 2N'2 +AN' = 2, and N'2, AN' are 
> 0 , hence either N'2 = 1, / / ^ = 0, or iV'2 = 0, NfA = 2. The latter case" 
gives rise to the same contradiction as before, since A N ' < 1 , and KN' 
equals AN' + AN' but must be an even numbèr, hence AN* == 0 and again 
0N>(K + r?) must coincide with the canonical bundle of the genus 2 curve 
N\ implying again a contradiction. On the other hand in the former case 
KN' = AN' + 2 must be odd, thus AN1 = 1 and A • A = 0: hence 
A • (2N' + A) = 0, violating the connectedness of diyisors in | K "+171. 

Q.E.D. 

COROLLARY 1.5. The general curve V in | K + 171 is smooth irreducible. 

Proo/. It is a direct consequence of Bertini's theorems, since \K 4- 771 is not 
composed of a pencil by 1.3 and has no fixed part by 1.4: | K +171 cannot 
have a singular base point, otherwise we would have 2>deg(\[/) deg(S), 
absurd. 

Q.E.D. 

LEMMA 1.6. If \K\ has a fixéd part F, K*.F = 0. 

Proof, Write JK| = F + |Af|, and assume K'F>1. Consider the exact 
sequence 

(1.7) O^0s(rì)^0s(K)^0r(K)^O. 

By lemma 1.1 the sequence is also exact on global sections, and the canonical 
map $ induces a morphism 0':r-*lP 2 sudi that (by our assumption) 
deg(0') • deg(0'(r))< 5. <f> cannot be birational since the arithmetic genus 
of a piane quintic is 6, while T is smooth of genus 7. 

Since |iC — T| = 0, 0'(T) is not a line, therefore <t>'(T) is a conic, 
F*K=2, Af'/C = 4: by 2-connectedness again M*F>2> hence M2 = 
= MF = 2, \M\ is not composed of a pencil (if \M| were composed of a 
pencil, since 0(5) is a conic, one would have M2 divisible by 4, a contra­
diction), and |Af| has no base points. 

Let b be the degree of the branch locus of 0: ^ince <j>(M) is a line, it 
must be, by Hurwitz's formula, b - 4 = Af (tf+M) = 6 on the one hand, on 
the other, since <j>(T) is a conic, and </>' has degree 2, it must be 2b - 4 = 
= T(T + X) = 12, absurd. 

£?.£.£>. 
PROPOSITION 1.7. | K| is not composed of a pencil. 



97 

Proof. Assume the contrary: then \K\ = F + dN, where N is irreducible, 
and clearly F^O. 

By 1.6 d = deg(0'(O), hence ^ = 2,3, or 6, and 6/d = T<N = 
= K* N = N' F + dN2, and by connectedness N • F > 1. 

For tìf = 6 we get A f - F = l , AT2 = 0, but then (K + N)*N= 1, 
ansurd; for d = 2, N2 = 0, JV# F = 3 is impossible since then (K + N)N = 
= 3, while if JV* = #"• F = 1, we have 6 = tf2 = F2 + 4 + 1, while F2 < 0 
since by 1.6 K'F = 0 (cf. [Bo], prop. 1); for d=ì we get JV«F=2, 
N2 = Ò and |iV| is a base point free pencil of genus 2 curves: but then 
0 N ( /C + T?) = 0N(K) gives rise to the same contradiction as in 1.3. 

Q.E.D. 

In the following proposition and in the sequel also we shall often con-
sider (cf. [Bo], p. 176), instead of the smooth minimal model 5, the canonical 
model X, obtained by contracting the (finitely many) curves E with K* E = 
= 0: X is normal, and with rational doublé points as singularities, and the 
dualizing sheaf cox is such that, ir : S -* X being the contraction map, 
0S(KS) = n*(wx). Also 7} is the pull-back of a Cartier divisor on X, that we 
shall denote by the same symbol, and the important feature is that the rational 
maps 0, \J/ factor through ir. 

PROPOSITION 1.8. The twisted canonical map cannot be birational. 

Proof. Let Kx be the Cartier divisor on X such that ^ = 0 ^ ( ¾ ) . Then, 
by 1.6, 1.7 and Bertini's theorem, the general curve C in \KX \ is irreducible 
of arithmetic genus 7. By the exact sequence (cf. 1.1) 

0 = H°(0X(V)) -+H°(Ox(Kx+ri)) » &{f)c{Kx + tj» -> 0 
II 

•fl°(Os(lC. + t?)) 

we have on C a linear system of degree 6 and dimension 3, and by (an ob-
vious extension of) the lemma of Clifford, C is hyperelliptic and \jj : C -> 
-*• \//(C) is a doublé cover of a twisted cubie in IP3. 

Q.E.D. 

PROPOSITION 1.9. 2 = i/>(S) is a cubie surface. 

Proof. By 1.3, 1.8, we have first to show that deg i// = 3 is impossible. 

For a general Ce\Kx\, C • \jj(C) is of degree 2 ; if C ^ f H W O ) , 
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then \!/-r(\KC)) = C + A, where ty : A -• \jj(C) is birational: this is a cori-
tradiction since A is rational, and S would be then ruled. 

But then C = \jj~i (i//(C)); if 2 were a quadric surface, i//(C) would 
belong to a 5-dimensionai linear system, while dim \KX | = 2, a contradiction. 

Q.£.D. 

COROLLARY 1.10. K + 17 has no base points, and i// : X -* 2 is a finite 
morphism (of degree 2). 

REMARK. Let .yo,-"*.)^ De a basis of /^ (05(^ + 17))-, since 2 is not a 
quadric, the 10 monomials y^y^ are linearly independent sections of 
H°(0S(2K)), which has, though, dimension equal to x + K2 = 10 ([Bo], 
corollary p. 185). 

PROPOSITION l.ll. 2 is a normal cubie surface. 

Proof. If 2 were not normal, 1// : T -*• i//(r) would be a doublé cover of an 
irreducible singular piane cubie curve, and T would be hyperelliptic. Then 
there is a morphism u : T -> IP1 of degree 2, and OpC "̂̂ 7?) = U*(0W\(Ì)). 
But, since cor = w*(0,pi(6)), and o?r = 0r((# + *?) + K), we would have 
0r(K) ss 0 r ( # + r?), i.e. 0 r ~ 0rfa). 

Since H1(05(—/iQ) = 0, the exact sequence 

0 -* 0S ( - /Q -+ 0s(r?) -+ Oriti) "• 0 

gives rise to a contradiction. 
Q.£.D. 

PROPOSITION 1.12. The canonical map $ has degree 2 and determines the 
same birational involution as \jj (i.e., there is a birational map £ : 2 -> IP2 

such that 0 = £° 1//). 

Proo/. By 1.11, if T is a general curve in | K + T?|, \J/ : T -• \jj(T) = E is 
a doublé cover of a smooth cubie curve. Therefore Op(K + ri) = \jj*(0E(L)), 
where L is a divisor of degree 3 on E. Also, cop = i//*(0E(Af)), where M 
is a divisor of degree 6 on £, and then we have that 0^(K) = \j/*(0E(M - L)). 
By standard faets on doublé covers, ^„(0r) ='0E © 0E(-M), hence 
^ ( 0 ^ ^ ) ) = ^ ( ^ 0 ^ ) ) = ^ ( 0 ^ ( ^ - 1 ) ^ ^ ( - 1 ) ) = ^ ( 0 ^ ( ^ - 1 ^ 
Hence, in view of 1.7, 01 factors as /'© 0, where j:E -* IP2 is the new 
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embedding of E as a piane cubie, corresponding to the divisor (M~L) (of 
degree 3). 

We have thus proven, up to now, that there is a factorization 0 = £ © \p 
and we have to show that £ is birational, or, equivalently, that deg 0 = 2. 

Let CE\KX\ be a general curve: then C ^ ( C ) S P 1 •IP1 

and if f I were not an isomorphism,one would have dimcH°(0C(KX)) > 

> 3, contradicting the exact sequence 

0 -* H°(0X) -+ H°(0X(KX)) -+ H°(0C(KX)) -+ 0 . 

Q.E.D. 

§ 2. The canonical ring of the doublé cover Y. 

Let f:Y-*S be the unramified doublé cover of S such that f*(0Y) = 

= 0s©0sfo)-
Since 0y(Ky) =f*(0s(Ks))t we have that the canonical ring of Y 

R(F)= © H°(0Y(mKY)) 

splits as © H°{Os(mK))]®\ © H°(Qs(mK +1?)) 1 where the first 
Lw=o J L»»=:o J 

summand is the subring R(S), the canonical ring of 5, (and the invariant 
part of R(Y) for the automorphism determined by the covering involution 
i: Y -* Y). We shall describe 5 by describing R{Y) and the action of the 
involution i. Since \jj is a morphism, whereas 0 is not, it is more conve-
nient to split R(Y) in a different way 

(2.1) R(Y) = \ © H°(Os(fn{K + Ti)))\<B\ © H°(0S(K + ( m - l)(/C + r?)))l 

and we denote the first summand by B, the second by G. 
From now on we shall refer almost verbatim to [Ca 4] (see also [Ca 5]). 

Since 0s(K + 7i) = \^*(0-^(l)), we have that, A being the polynomial ring 
£lyo>y\,y%,yi\, where y0,...,y3 are a basis of # ° ( 0 s ( t f + ??)), 

(2.2) 5 and G are graded i4-modules, and they are the respective full 
modules of sections associated, according to the Serre correspondence 
([Se], p. 251), to the coherent sheaves \JJ^0S, ^ * w s . 
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REMARK 2.3. Let j : S -+ S be the birational involution determined by 
\jj iS -* 2 ; since S is a minimal model / is a biregular automorphism, and 
clearly we have an automorphism ;'* : Sii ~* ^s* 

Furthermore, since Os(K + ri) = i//*(0(l)) there are two naturai actions 
of Z/2 also on the sheaf Os(K + ri)t and hence on the modules B and G. 

Furthermore we may choose the one of the two actions which is trivial 
on H°(0 s( / f+ 17)), and then Z/2 acts on B,G as an automorphism of 
graded A modules. 

We have thus a splitting B = B* © £.", G = G+ © G~, according to the 
(+1), respectively (—1) eigenspace of ;'*. 

If we consider the corresponding sheaves on IP3 (supported on 2), we 
have splittings (since 2 is normal every /*-invariant function on S is a pull-
-backfrom 2, and the same holds for 2-forms regular in codimension 1) 

( if, 0S = 0 © 6 
(2.4) 

( * , « s = c o s © G . 

It is clear now from (2.4) that B+, G+ are (aside from the grading) 
principal A -modules of the form AI(F), where F is the equation of 2 . 

For the modules B~, G~ we use the fact that, (proof as in [Ca 4], 
prop. 2.8) 

(2.5) B~, G~ are Cohen-Macaulay modules. 

The above statement (2.5) implies, for instance, that if #i,...,#/b 1S 

a minimal system of homogeneous generators of G" as an y4-module, and 

h 
(2.6) 2 <ty00*y = 0 (/ = l,. . . ,r) 

is a minimal system of relations among the ay's, then r = h and 
det(cty(y)) is an equation for 2 (cf. [Ca4], pp. 77-78,. [Ca 5], 
16-17). 

(2.7) Now H°(0S(K)) has dimension 3, and clearly it consists entirely of 
antiinvariànt sections, therefore we have 3 generators X 1 , OC *y y OC "\ of 
G~ in degree 1. On the other hand, oclt...,Xh being a minimal 
system of generators, ali the non zero OijiyYs have degree at least 
1: the fact that det(c^(y)) has degree 3 implies immediately that 
h = 3 and that the ^(yj's are linear forms. 
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(2.8) Since H°(0s(2K-\-rj)) has dimension 10, and the antiinvariant part 
(for ;'*) is generated by the 12 monomials y%x^ which however 
satisfy the 3 linear relations above (2.6), we see that the invariant 
part is generated by a section w. Since G+ is principal, w is 
indeed a generator of G+ as an /4-module. 

(2.9) Let's consider now the module ZT: since H°(0sOK + ri)) has 
dimension 22, while H°(0j;(3)) has dimension 19, we see (in the 
same way as for G~) that B~ is generated, as an ^4-module, by 3 
independent antiinvariant sections of H°(Qs(ÌK + ri)). But wxlf 

wx2, wx3 are clearly such sections, and it is clear now that multi-
plication by w gives a (non graded) isomorphism of G~ with B~. 

(2.10) Since H°,(0S(2K)) has the 10 monomials yiyj as a basis, Vh,k = 
= 1,2,3 the section XfyX^ can be expressed in a unique way as a 
quadratic polynomial /¾^ in the y,'s 

(2.11) xhxk=pfok(y). 

3 
As in [Cai] , [Ca4], we notice that the relations 2 (Xij(y)xj = 0 

3 Jml. 
imply 2 dij(y) #ft^(y) = 0 (mod det(ay(y)) and we infer that one can 

replace the 3 relations by 3 independent linear combinations in order to 
obtain 

(2.12) <Xij(y) = ajiiy), and (fty) = A 2 (a / ; ) . 

In particular, 2 is defined by det («^(y)) = 0, and is then a symme-
trical cubie according to our definition. 

Similarly w2 is an invariant section of H°(0S(4K)), hence there is a 
homogeneous polynomial P of degree 4 in the variables y0,>-- ,y3 such that 

(2.13) w2=P(y). 

It is now easy (cfr. [Ca 4], thm. 4.3) to see that the following holds. 

PROPOSITION 2.14. The canonical ring R(Y) of the doublé cover Y is a 
quotient of £[yo,yi,yi,y3, xlt x2, x$, w] by the ideal / generated by 
the following relations 
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(i = 1,2,3) 

(1 , /=1,2 ,3 , . (&/) = A2(¾)) 

The involution i : Y -• y such that S = Y/j acts on the canonical 
model of Y in the following way (y,x,w) ** (—3/, + x, — ti;). 

Furthermore the quartic surface {P(y) = 0} does not intersect the 
singular locus of 2 , which equal the locus {y | fty(y) = 0 Vi,j = 1,2,3}. 

Pro/. By virtue of our previous considerations we are left only with proving 
the last assertions. The action of i* on R(Y) has clearly the subspaces 
H°(Os(mK + ri)) as (-1) eigenspaces, therefore the involution sends 
y% •"* ~y%> xj ** xj> w *"* ~w> for later use we notice that, since the varia-
ble w has degree two, while the other variables have degree one, the action 
above is projectively equivalent to the action y *+'y, x » — x, w **• — w. 
The fixed points of i on the canonical model of Y are thus the points 
where w = 0, and either y = 0 or x = 0. But by cor. 1.10 \j/ is a mor-
phism and there is no point with y = 0 on the canonical model (or from 
the equations one sees that then also w — x = 0), whereas w = 0, x = 0, 
is equivalent to Pjj(y) = 0 Vi,j, and P(y) = 0. 

That the locus given by {y | ft;(y) = 0} equals the singular locus of 2 
follows e.g. by the list of symmetrical normal cubics given in [Ca 2] (pag. 
32-34, cases ii), iii), v)), and if the quartic surface {P(y) = 0} would pass 
through a singular point of 2 , i would have a fixed point on the canonical 
model of Y. 

From the classification of rational doublé points it follows easily that 
i would have a fixed point on Y, a contradiction (in fact, let Z be the fun-
damental cycle of a rational doublé point: by looking at the corresponding 
Dynkin diagram one checks that either a singular point of Zre(j is left fixed, 
or that a component of Z is left invariant, and then one uses the fact that 
every automorphism of P 1 has a fixed point). 

Q.E.D. 

COROLLARY 2.15, The canonical ring of 5, R(5), is generated in degrees 
1,2,3. 

Proof. The sections Xj generate H°(0S(K)), the sections y^yj generate 
H°(0s(2K))t the sections wyi complete the previous set to a set of genera-

(2.15) 

2 (Xij(y)xj = 0 

) XÌXJ =hj(y) 

w2 = P{y) 
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tors, but they do not belong to the subring of R(Y) generated by the #f's, 

'] Q.E.D. 

DEFINITION 2.16. We recali the notion of negiigibie singularities: if A is a 
curve lying on a smooth surface 5 and p is a singular point of A, the sin-
gularity is called negiigibie if the multiplicity is at most 3 and, in case the 
multiplicity equals 3, the proper transform of A in the blow-up of S in p 
has no points of multiplicity 3 lying above p. 

It is well known (cf. [Hor 1] p. 49, [Per] 1.8) that A has negiigibie 
singularities if and only if a doublé cover of S branched over A has at 
most R.D.P.'s (rational doublé points) as singularities. 

THEOREM 2.17. Let (otij(yQ, yx, y2, y$)) be a symmetric 3 x 3 matrix of 
linear forms such that the cubie surface 2 = {y | det (o^(y)) = 0} has only 
isolated singularities. 

Let moreover P(y) be a homogeneous polynomial of degree 4 which 
does not vanish at any singular point of 2 , and moreover such that the curve 
A C 2 defined as the zero locus of P(y) is reduced and has only negiigibie 
singularities. 

Let Y be the (2E/2)2 finite Galois cover of 2 defined, in the weighted 
projective space IP(1,1,1,1,1,1,1,2) by the following equations 

Ì
.2 c ^ 0 / ) * = 0 ( /=1,2,3) 

;= i 

*iXj=hi(y) (/',/= 1,2,3) (0 = A2(a)) 
w2 = P(y) 

Then Y' is the canonical model of a simply-connected surface of gene­
ral type Y with K2

Y= 12, pg(Y) = 7. 
The involution i on Y such that i(y,x,w) = (—y,x,—w) extends to 

a fixed point free involution i on Y s.t. 5 = Y/i is a minimal surface of 
general type with Ks = 6, pg{S) — 3, and fundamental group rrx (S) = 2K/2. 

Conversely, ali the surfaces 5 with K2 = 6, % = 4, and 2-torsion arise 
in this way. 

Finally, given S and S associated to the data (a = (cty),P) (à = 
= (cty),P), they are isomorphic if and only if there exists a projectivity 
g: IP3 -• IP3 such that g(2) = 2 , and g(A) = A. 
Proof. Y' is the fibre product of two doublé covers. 
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The first one is W - ^ 2 where W C1P(1,1,1,1,2) is defined by 
w2 = P(y)' W is branched on A hence, by our assumption on A, W has 
only R.D.P.'s as singumarities. 

the other one is 2 — • 2 , given in IP6 by the equations 2 o^j{y)Xj = 
= 0, XiXj=Pij(y). ; _ 1 

For y a smooth point of 2 the matrix (ocjj(y)) has rank 2, hence the 
vector (x) is a multiple of a generator of ker (ot(y)) and the condition 
XjXj = Pij(y) determines the vector x up to multiplication by ± 1 (in the 
singular points of 2 , instead, ft,(y) = 0, hence # = 0): also the projective 
coordinate ring of 2 is an integrai extension of the one of 2 . 

Therefore a is a finite doublé cover branched over the singular set of 
2 . Since CJ^ = 0 s ( - l ) , &w = T* 0%(1); again by [Ca 2], pp. 32-34, 2 has 
at most R.D.P.'s as singularities and co~ = a*co^ = 0« ( - l ) , and ìf is a 
weak del Pezzo surface of degree 6. 

We have clearly that OJY' = 0Y'(1)> since OÙY' is the pulì back of OJW. 
Therefore we have K\, = 12, pg(Y) = 7. 
Since 2 is a rational variety (in particular simply connected) and a"1 (A) 

is a divisor which moves in a linear system without base points and with po­
sitive self-intersection, by [MM] (appendix), Y (hence also Y) is simply 
connected. 

That the involution % has no fixed points on Y (hence also on Y) was 

already remarked in the proof of 2.14, hence %(0S) = -yX(0Y) = 4, &\ == 

= y K 2
r = 6. 

By 2.14 every surface 5 with K\ = 6, X = 4, and an unramified doublé 
cover V, arises in the previous way. Furthermore, if there is an isomorphism 
p:S-+S, p*(0 s(/ t + i7)) = 0*(K* + r?), hence p induces a projectivity g 

A ^ A S 

carrying 2 to 2 , and A to A. Conversely, since every symmetrical cubie 
carries only one symmetrization ([Ca2], thm. 1.3), such an isomorphism g 
lifts to give isomorphisms of W to W, and of 2 to 2 , hence also to give an 

A ^ ' ' . * 

isomorphism of Y to Y commuting with the respective involutions i,i. 

Q.E.D. 
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§ 3. The equation of the general surface and the moduli space. 

Let M be the moduli space of the surfaces of general type with K2 = 6, 
X = 4 and 2-torsion, which is a quasi-projective variety by Gieseker's theorem 
([GÌ]). 

By theorem 2.17 M is irreducible and unirational, and from now on we 
shall only consider the Zariski open set V C M of the surfaces for which 2 
is a 4-nodal cubie surface, hence projectively equivalent to the Cayley cubie 
of equation 

3 
(3.D 2yoyiy2ys/y i = o. 

t = 0 

It is well-known that the group of automorphisms of 2 equals the 
symmetric group £ 4 , permuting the 4-coordinates ^ 0 ^ 1 ^ 2 , ^ 3 -

The Cayley surface is the image of IP2 under the birational map J"1 

given by the system of cubics passing through the 6 vertices of a complete 
quadrilateral in IP2. 

If we choose coordinates (#1,^2,^3) m IP2, and set x0 = (xl + x2+x3), 
£ - 1 is given in the following way 

(3.2) yo = #¢#2^3 , y\ = #0^1 x$ > yi ~ x0xxX2 , y$ = ~~ xxx2x3 • 

Since the following relations hold 

( ^ o + y 3 ) ^ 1 + ^ 3 *2 + ^ 3 ^ 3 

(3.3) { y3xx + ( ^ 1 + ^ 3 ) ^ 2 + ^ 3 ^ 3 

^3^1 + ^3*2 + ( ^ 2 + ^ 3 ) ^ 3 = 0 

we see that 2 is the symmetrical determinantal cubie corresponding to the 

~(yo +^3) y% yz 
matrix a= y3 (yx +y 3 ) y3 

. y* ys Cv2+y3). 
An easy computation gives that the adjoint matrix of a is the matrix 

( ^ 1 ^ 2 + ^ 1 ^ 3 + ^ 2 ^ 3 ) - ^ 2 ^ 3 ""^1^3 

(3.4) /3= - ^ 2 ^ 3 ( ^ 0 ^ 2 + ^ 0 ^ 3 + ^ 2 ^ 3 ) ~y<sy3 

-yxy* ~yoy* Croyi+yoys+yiysJJ 

= 0 

= 0 

Let moreover U be the vector space of polynomials P of the form 
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+ ^^0^1^2^3 + s. Ci}(yoyiy*yì)'yj/yi. 
3 -"/ 

and with 2 e,*, = 0 / = 0,..., 3 . 

L/ is of dimension 31, is a ;E> 4-invariant subspace of ali the polynomial 
of degree 4, and restriets isomorphically to H°(0^(4)). 

We let Uf be the locally closed set of U consisting of the P's such 
3 

that \a =̂ =0 (hence P does not vanish at thenodes.of 2), 2 X,-,- = 1, and 
*'=o 

such that r e 2 , defined by P = 0, is reduced and with negligi ble singu-
larities. 

For P(y) € £/', we get the following 30-dimensional family of surfaces 
(the canonical models of the doublé covers K) in P ( l , 1,1,1,1,1,1,2) 

(To+^3)^1+ y*x2 + y*x3 = ° 
ys^i + (y i+y 3 )*2 + ^3^3 = o 
y*xx + y3^2 +(^2+^3)^3 = 0 

x\=Xyiyi +^1^3+^2^3) 

4 = (yoyi +yoy* +yoysr 

# 3 = 0 ^ 1 +^0^3+^1^3) 

^1^2+^2^3=0 

*1*3 +^1^3 = 0 

^2^3+^0^3=0 
w2 = P(y) . 

An immediate consequence of theorem 2.17 is that there is a surjective 
morphism £ : U' -*• V C M, such that, set theoretically, V = t/'/jSV (since 
£ 4 = Aut(2)). 

Let C/" be the open set of U' consisting of the F's such that the curve 
A = 2 O {P(y) = 0} is smooth, and let V" be the open set of V corre-
sponding to the surfaces S s.t. the canonical divisor Ks is ampie: indeed 
(in fact, if 2 has an A$ or As singularity, then 2' is not smooth) V is 
open in M, and (again, set theoretically) V"^U"/^. We shall prove in 
the sequel the following 

(3.6) 
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PROPOSITION 3.7. If P(y)EiU"ì then, for the corresponding surface 5, 
H1^,®^ has dimension 30, and the Kuranishi family of S is smooth of 
dimension 30, and in fact given by the family of quotients of the family 
(3.6) by the involution i such that i(y,xtw) = (—y, x,~w). 

COROLLARY 3.8. The moduli space M is reduced, and V" is isomorphic 
to the quotient U"/^A. 

We defer the reader to the thesis of the first author ([Ba], pp. 49-55), 
for a proof of the following theorem; we shall only remark that the proof 
uses elementary representation theory and the solvability of >̂ 4 (cf. also 
[Ca2]). 

THEOREM 3.9. ¢//,84, and hence M, is a rational variety. 

Proof ofproposition 3.7. 

By the Hirzebruch-Riemann-Roch formula - x ( ® s ) = 10x~"2K2 = 28, 
therefore it suffices to show that H°(ftJ $£2^), which is the Serre dual of 
H 2 ^ ) , has dimension equal to 2. We noti ce that H°{£l\ ® £l\) is an in-
variant by birational transformations, therefore we shall perforai the compu­
tation on the blow up S of 5 at the 4 points mapping to the 4 nodes of 2 . 

Let F be the minimal resolution of the cubie surface 2 , so that we 
have birational morphisms a : F -*• 2, b : F -• IP2 such that £ = b ° dT1, 
and such that b is the blow up of the 6 points (1,0,0), (0,1,0), (0,0,1), 
(1 , -1 ,0) , (1 ,0 , -1) , (0 ,1 , -1) . 

We identily A with a~l(A), and we denote by H the divisor such 
that 0F(H) = a*(0z(l)), by b the divisor such that 0F(b) = b*(092(l))-

We denote by E^ the exceptional curve of the / kind obtained by 
blowing up the point pjj E IP2 given by # , = ^ = 0 ( 0 < i < ; < 3 ) (e.g. 
P03 = (l»-l»0))i *nc* by Ai the proper transform of the line {#* = 0}; 
hence A] = - 2 and a(Aj) isanodeof 2 . 

We have 

h=Ai+ 2 £•,-/ 

H=Sb- 2 E,-, 
3 

S is the doublé cover of F branched on the divisor À = A + 2 Ai\ A = 
1 = 0 

= 16b~6 2 EÌJ = 2L, if we set L = Sb-3 2 E«, and indeed, if 



108 

ir : S -> F is our doublé cover, Tr*(0g) ss 0 F ® 0F(~L). 

Then (cf. e.g. [Ca 3], 3.1), H°(ftL® ftl) ssH°(fìF(log 2) • ftp) e 
®tf°(nF®ft2(L)) . 5 S 

Since £Ìp = 0F(-3h + 2 1¾) = 0 F ( - H ) , the first summand is zero 

a fortiori if we show that H°(£2*,(log A)) = 0. 
This follows since, in the exact sequence (cf. ibidem, 3.7) 

0 -* H°(ftF) - H°(fìF(log A)) ~* H°(0r) - ^ H 1 ^ ) 
II 
0 

the image of ò is spanned by the Chern classes of A, A0,... ,A3ì which are 
independent: hence d is injective and our cohomology group vanishes. We 
are thus left with computing the dimension of 

H°(£lF(5h-2 2 ^ ) ) = / ^ ( 6 ^ ( 5 / 7 - 2 2 Ei})). 
i<j i<j 

The sheaf b^£lF(5b - 2 2 £y) is a subsheaf of the sheaf ftjp2(5), 

and is defined by suitable linear conditions at the points Py. 

LEMMA 3.10. If b is the blow-up of the origin in C2, and E is the exceptio-
nal curve in C , b Sl„ (-2E) consists of the 1 forms whose Taylor series 

<c2 

at 0 is of the form \(x dy —ydx) + terms of higher order. 

Proof. If u = y/x, dy = xdu +udx, and co = axdx + a2dy + n1xdx + 
+ Viyày + \x xdy + \2ydx + terms of higher order, b*o) = aidx •¥ 
+ a2(xdu + udx) 4- \ixxdx 4- JU2 «#(#d« .+ «d# ) + Xj#(#du + udx) + 
+ \2xudx + #2(...) is divistole by #2 if and only if a2 — ax = Mi = M2 = 0 
and Xt 4- X2 = 0 . 

Q.E.D. 

By the Euler sequence 

0 -f a^ 2 (5) -• 0 ^ ( 4 ) 3 -* 0^ (5 ) -+ 0 

! 3 
one sees that the sections of £2*2(5) can be written as 2 Pj(x)dXj where 

the P,'s are homogeneous polynomials of degree 4 in (xl,x2,xd)i satisfying 
3 

the relation .2 #,?,(#) = 0. / ^ ( ^ ( 5 ) ) is thus easily seen to have dimension 
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24, and the subspace H°(bniSlp(5h — 2'2Eij)) is definedyby 30 linear condi-
tions: an explicit computation (see [Ba] pp. 42-47) shows that indeed the 
given subspace has dimension 2. 

By the semi-universality of the Kuranishi family, we have a holomorphic 
map / of U" to the base B of the Kuranishi family, where B is an analytic 
subspace of / ^ ( © ^ C 3 0 . 

Since the morphism of U" to M factors through / , and / has finite 
fibres, B has dimension 30, and the Kuranishi family is smooth. 

If / were not a locai biholomorphism, / would ramify on a hyper-
surface, and there would be a permutation 0GS4 leaving pointwise fixed 
a hypersurface in U": it is easy to check that this does not happen. 

Q.E.D. 
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