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SURFACES WITH p,=q=1

F. Caranese - C. Ciugerro

INTRODUCTION

Surfaces of gencral type with Pg = q = 1 arc the imegular surfaces with the
lowest geometnc genus. Therefore they are natural candidaies for starting the in-
vestigation of irregular surfaces with g = 1 or, more gencrally, with an irrational
pencil. We hope that the methods presented here could be useful to shed some ligh
ort the moee general case.,

Forthese surfacesonchas 2 < K7 < 9, and the analysis of the case £2 = 2 |
suggested by Bombieri, was worked oul completely by the first author in [Cal. For
these the fibres of the Albanese map have genus @ =2 and the canonical maps of
the fibres fit together to give a 2 1 cover of the symmeiric square A of the
Albancse curve A .

Later on the sccond author proposed 1o obtain more costructions of these sur-
faces by looking at complete intersections in the K2 -symmetric powerof A, giv-
ing fibrewise canonical curves. We realized later that the possible cases are many
i K% >3, and the rescarch has been pending for a few years.

A further stimulus for its development came from the result proved by P Francia
in 1984, but published in this volume. 10 the effect that the bicanonical map of a
surface of general type is @ morphism if Py 2 1. with the possible exception of the
Casc po=g=1,

Soon after, in 1985, 1. Reider proved that [2 K| is basc points free as soon as
K? > 5. Therefore the only cases lefl out by the union of Francia'’s and Reider’s
results were py = 0 and py= g =1, K = 3,4 (thecase K2 = 2 had been
previously settled by the results in |Cal, which imply that 12 K| has no base points
if K1=2)

Asfor p, = 0, one knows that in some case (for instance if K*=1,see
[CaZ], Remark 1.5) the bivanonical system may very well have base points, In any
cvent a complete and clear picture of the behaviour of |2 K| is here still missing.
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We exclude in this paper the remaining two cases p, = ¢ = 1, K* = 3,4
showing that for these 100 |2 K| is base point free. Therefore, as a consequence of
the quoted resulis by Francia and Reider and ours, we can state the:

THEOREM. IF S is & minimal surface of general type with p_ > 0 then the
hicanonical map is a morphism for S .

But. more importantly, we establish a number of general resulis concerming these
surfaces which make their classification more accessible and we produce more ex-
amples

More precisely, we consider, together with X2, other basic numerical invari-
ants such as the genus g of the Albanese fibees, the index + which is the number
of paracanonical curves (curves algebraically equivalent 1o K ) passing through
a general point of 8, A the «numbere of paracanonical curves which move in a
lincar system and we give relations holding among them,

Aninicresting result which conjugates algebraic with geometric ideas states that
a «projections of the relative canonical mapping yields the paracanonical map w' :
§ — A" namely the rational map which, roughly speaking, associates o a general
point the - tuple of paracanonical curves passing through it. The methods we
employ include the Grothendieck-Riemann-Roch theorem, Atiyah's classification
of vector bundles on elliptic curves, pant of the algebraic structure of the relative
canonical algebra, and some complicated geometric argument based on the iterated
use of lincar serics of degree 2 on an clliptic curve.

Afier these general results, we bricfly recall the classification for K% = 2 and
soon afier we treat in detail the case K2 = 3, in which we also get a complete
classification. The main classification results can be summarized in the following:

THEOREM. Let S be a minimal surface of general type with p, = q = 1. Then:
(i) (Caanese, [CaJ)if K* =2 then onc also has ¢ = g = 2 and the para-
canonical map, coinciding with the relative canonical map, 1s @ 2 1 morphism
w: 8§ — A'Y whose branch divisor is described in § 5;
(i) if K* = 3 thenecither v = g =2 or v = g = 3, but in both cases the
paracanonical map coincides with the relative canonical map,

More precisely, in the firstcase v = g =2, w: § — A'Y is not @ morphism
but its indeterminacy can be resolved by blowing up a single point of S . Morcover
w is generically 201 and the branch curve is described in § 5.

Finallyif 1 = g = 3 then w : § — A*Y is a morphism which is birational
onto its image and it is an isomorphism of the canonical model of S oo w(8) .
The divisor class of w(S) in A'Y isdescribed in § 5.
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The three types of surfaces listed above do in fact exist: this was proved in
[Ca) for the case K = 2, where it is also shown that the moduli space for these
surfaces is irmeducible, generically smooth of dimension 7. The existence in the case
K* =3,:=g =2 isproved here in Theorem 5.4 below, but we postpone to
the forthcoming paper [CaCi| the proof of the existence of surfaces with K2 = 3,
¢ = g = 3, as well as the description of the moduli spaces and other related matters.

DEFINITIONS AND NOTATION
HY(X,F)=H(F) For a coherent sheaf F on a variety X over @

h(F) The - dimension of HY(F)

S A minimal algebraic surface of general type with
pp=g=l

Qf The sheal of holomormhic s« forms on §

A= A(S) The Albanese variety of S, a curve of genus |

g:A— A The translation morphism ¢, (s) = s+ ¢

a5 —A The Albancse morphism of S

I, The graphofl @ in § x §

F=F, The fibre of the Albancse map at ¢ € A

g=a(S) The arithmetic genus of 2 bre of o

K=K A canonical divisor of §

K? The sclf-intersection of K (2 < K? <9)

| ) The invertible sheal associated 10 a Cartier divisor

= 'glc relation of lincar equivalence between divi-
sors

~ The relation of algebraic eguivalence between di-
visors

P A Poincare” sheal on A x A giving an isomor-

phism A — Pic’( A) . which makes A an ¢l-
liptic curve. Explicitly, fixing a point 0 € A,
P'=[A, - ({0} x A)].where A, is the diag-

onalin A x A

P=(axid (P A Poincare” sheal on S x A. Explicitly P =
[T,-F,x Al

Jo i 8§ = 8 x{t) The natural isomorphism, forany ¢ € A

P, The sheaf 7, *(P) i notice that P, = | £, — F]
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|D| = PCH(I D))

K« 1]

Ng:SxA=8
Mgt SxA— A
t=¢ &)

K= ﬂs.(lh’l)g‘p
V=alK]|

V= el-l,.. k“',|

V,=a[:1K]
P(W)
pPVY) = 4
w: S —PVY)
AT

A= A8

'S

v, A— P,

aCP,

F. Catanese and C. Ciliberto

The complete lincar system of ¢ffective divisors
lincarly equivalent o a divisor D

The complete lincar system PQH°([i K 1&P)) .
called a twisied - th canonical system

The rational map § — 12K + ¢|¥ . here called a
twisted bicanonical map

The paracanonical system of § (see § 1)
The paracanonical incidence correspondence, i.c.
forevery t€ A, Y N(S x {t}) = C, x {1}

The projection onto the first factor

The projection onto the second facior

The degree of ng, @ ¥ — 5. called the index of
the paracanonical system. Roughly speaking this
is the number of distinet curves of { K} passing
through the gencral point of §

The paracanonical sheafon § = A
The (locally free) direct image of the relative

canonical sheal for o on A4
A decomposition of ¥ into indecomposable sum-

mands of degree o, and ranks v, fori=1,... &
The direct image of [1K], 3> 2

Proj (WVY) , foralocally free sheaf 1
The projection on 4

The (rational) relative canonical map
R'imgK

The lengthof A’

[2 K + t|, a projeciive space of dimension K7
The morphism associaling 10 u € A the divisor
Cs + Ct o

The image of o, , an irreducible rational curve
The r-th symmetric product of 4

The Abel-Jacobi map, realising A asa P!
bundic over A
Thefibeof Batte A
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D =D, A embedded in AT as the set of all effec-
tive divisors of degree v of A containing ¢ € A

W S — AN The rational map which, on the maximal open
subset U of & over which ¥ — S is finite, is
the classifying moiphism for divisors ol degree ¢
on A; w' will be called the paracanonical map

1. A RELATION BETWEEN INVARIANTS
Let us consider the torsion free sheal A on A4 . Observe that

WK+ =14k (1K +tD

forany ( € A—{0}. Morcover p_= 1, hence by sermicontinuity there is a Zariski
opensubset A, containing O, such that forany (€ A”, onc has W E+t)=1.
Forany t € A" we denote by C, the unique curve in |K + ¢].

By the hase change theorem, A® isinvertible. A? is a skyscraper sheaf of
lengah 1 supported at the origin. A" is zero at the ongin and supported at the sel
of poims ¢ € A such that h9([ K « t]) > 1 (sce [Ha], Theorem 12.11). -

We define the paracanonical incidence correspondence 10 be the surface ¥ in
§ x A whichis the schematic closure of the set {(1.4) € §x A'lz € C;} . Hence-
forth we define €, for any ¢ asthe libreof ¥+ A over [, thus ¥ provides &
flat family of curves on S, which we denote by { K} and call, according to the
classical ierminology, the paracanonical system of S

The index « of {¥} isiheintersection numberof ¥ withthe curves {z} =< A,
with 7€ §.

REMARK 1.1, (i) V isthedivisor divi o) of the unique (up 10 contants) section
of F @ n3(A®)Y, Infact (my) (F & =3(A°)Y) iswrivial on A, therefore
HYUE @ ny(A%) = € and with o € H° (% @ ny(A")) non zero, div{e)
has no components of the form S x {t} , hence it1s imeducible and coincides with
Y.

(i) As in [Be] the paracanonical sysiem is the irreducible component of the
Hilbert scheme of curves on S algebraically equivalent to £ which dominates
A

The result we prove in this section is the following:
THEOREM 1.2, The index ¢ of {K)} is related 1o the genus g of the Albanese

fibres by the formula
¢=g =X
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where A ds the lengthof AV,
PrROOT. By Grothendieck-Riemann-Roch for the morphism
n=a,:8x A A
we have

chimE) = 14 16,(A") =, (A") + ¢,(A)] =
=m0+ F+ (/2% + (1/0).F) (1 - (1) K+
(LK + ()] =
= IDE « AN2D0K + ¢,(8) - (1)K - %+

< (O)F — (1K - + L 120K? + () - %)

where we still denote by K = Kg and c;(8) their pull-back 10 § x A via
ms - By Nocther's formula and taking into account that % = 3l K))®F and
F = (o x id)(F) wikre 7 = [A, — ({0} x A)], we have

O IDK? + (S =1

IO FE - (12K - F) = (125 (F .7 = 0

since

(KE-Z) ASx (=K (T, -Fx A (Sx{th =K (F,—F,)=0
Morcover
F = AFx(t), K= =0, K1.2=K K P = _4(g-1)
whence
TOFE — (1K - K )= a (1K F)=1-¢

We also have

I/ I20K? 4 () - F) = n [({z} x A} - &) = |

Summing up

deg A —x=1-g
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Concluding, by Remark 1.1, (1), we have
b= ({z}x A YV =({z} x &) (F @ A")¥) =
=1-degA’=g-

QED.

REMARK 1.3, We explicitly notice that no new information is gouen by using
the projection onto S,

An interesting observation is given by the following:
THEOREM 1.4, The invanant h is a topological invartan!,
PROOF. Notice that

w=length (AT) = S R'IK v e = Y w1 —tD)
190 &0

In fact for cach ¢ # 0 there exists a unique unitary flat line bundle ¥, such
that [t] = ¥, @ &, . By Hodge theory with flan twisted cocfficients, we have

H(E) = H el Qe %)=

T H' (e HNQi 202 H' (el (1-1)

The prooflis over if we abserve that the corespondence ¢ — 5, gives a group
isomorphism Pic®(§) — H'(S, U 1)), and that the last group is a topological
invariani. Q.ED.

2. THE RELATIVE CANONICAL MAP

The main purpose of this seetion is 10 relate the refative canomicalmap w - § —
P(VY) with ihe paracanonical map o' © & — A" | In particular we will show
that there exists a commultative diagram of rational maps

S
w N W'
P(VY) & — A
PN S8
A
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where £ PCVY) — AW s a suilable lincar (rational) map of projective bundles.
We stant with the:
LEMMA 2.1, V s a Jocally free sheaf of rank g on A such thar.
(1) for every locally free quotient Q of V, onc has deg (Q) >0
() A"(V)=p =1, h(V) =0, deg (V) = p, =1

PROOF. The rank of V is h°(Klp) = g. (i) is Fujia’s theorem [Ful. (ii)
follows immediately since the Leray spectral sequence degencrates and by relative
duality one has

R'a(K) = a (&)

The asserion about deg (V) follows by Riemann-Roch, QED,
Consider now a decomposition

V=, W

of ¥ into indecomposable summands of degrees d,i =1, k. By Lemma
(2.1), (1) we may assume that d, = 1,and d=0,i=2,. k. By [At], Lemma
15, onc has A°(W,) = 1, hence KW, =0, fori= 2,..., k. Morcover
WW)=0,i=1,.. k.

By ibidem, theorem 6, W, is uniquely determined by its rank r = v, and
its deteminant bundle, More precisely there is a unique point u © A4 such that,

defining inductively B\ (u) = @,(u) and E (u) 10 be the isomorphism class of
the non trivial extension

0@y~ Efu) = E_ (1) =0

then W, = E (u) .

As itis known (cf. [A1), p. 451), P( E (1)¥) is the symmetric product A |
and the meaning of the above extension is that on A7 the sheaf &0 1) s | D],
where D, is the set of divisors of degree + contwning ¢,

Again by ibidem, theorem S, if 5 > 2 then W, canbe writtenin a unigue way
as W= L & F, ,wikre F, = 4. and F, is the isomorphism ¢lass of the non
trivial extension

0 &y~ F—F_,~0

and L; is of degree 0 . Funhermore if L is a line bundle of degree O on A,
then h%(L® F) = 1 if L isivial, andis 0 otherwisc (ibidem, lemma 15 and
theorem 5): therefore L, is non trivial and A%(L @ W) = 1 if L = LY andis 0
otherwise,
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PROPOSITION 2.2, Onc has 3 =k~ | and W' (K ® a"L) > | iff L = LY for
somes=2,.. . k.

PROOF, We have

A=length (A1) = YTRNIE + 1) =

ty
=Y KUK 1= Y KW sy,
170 190 =2,k
The assertion follows now casily. Q.E.D.

THEOREM 23, O has r=ry = and v, = 1, i=2 .. k.

PROOF. The proof shall be given in two sleps.
Step I, Weprovethatif r = ¢, then r, = 1, 3= 2., k. One has, by
Theorem 1.2 and Proposition 2.2, thal

g=r+ Z r2etk—l=g-a+k-1l=g

wl_ A

whence the assenion follows.

Step 2. We prove that v = . Consider the commutative diagram of rational

maps
S —w— PV

w” \\ / ¥
P} = A
where 15 induced by the inclusion W, — V. This diagram shows that the
divisors of the system & = {D,},. . on A" pull back on § to the movable part
of {K} (sec § 3 and more preciscly Lemma 3.1 below). In panicular for a gencral
pot T € S, w(z) = ¢ + ...+ ,then the paracanonical curves passing
through 1 arcexactly C, ..., C, ,and thus s = 7. Q.ED.

REMARK 2.4 (i) Forany t € A, wedenoteby W, the direct sum of summands
W,. 1> 2, suchthat WY = ¢ {remember that we identificd A with Pic®(4) ,
hence ¢ stands for &7, (¢ —0) ).

Notice that

Wiet=E(v)&t=E(u)

where w' = u+ vt (the addition is on the elliptic curve). Hence V @ ¢ has atrivial
subbundle of rank equal o A°([ K + ¢]) . Correspondingly we have a rational
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map £ : PLVY) — PCHY([K + t])Y), such that £ 0w is the rational map y,
associated o the lincar system | K+ ¢].

(i) For ¢ > 2 ,ihesheal V, = o [1K| islocally frecof rank (21—1)(g -1},
whereas Rla (1K) =0 and

deg V, = x(V)) = x([1K)) = 1+ [i(i = 1)/2) K*

It should be interesting to study the relative canonical algebra &V, . For ex-
ample if g =2, 3, and one has V, = Sym?(V) (as happens if the fibres are
irreducible, and non hyperelliptic in genus 3 ), then by extracting degrees we infer
that K? = g, We shall come back to thisin § 5.

(iii) 1t is amusing that one can provide cguations for the paracanonical curves
€, , such that dim |C,| > 1. For such a curve consider in fact the cohomology
sequence of

0 = &g —1C]| — Ng —0

Themap H'(Ng) — H'(Fg) issurjective: in fact the paracanonical system
provides a smooth sectionof Hilbg on A = Pic?(S) (later on, in proving Propo-
sition 3.4, we essentially give another proof of this fact). Hence, if &, is such that
div(s,) = C, . the map H‘((Vs.) — H'[l(,‘ll) given by multiplication by s, is
the zero map. Since H'([C,1) = H'(tY)¥, we obiain that forany »' € H'(tY)
and forany n € H'(Fg) ., (nun')-s, € }!3(933) is zero, We can interpret these
as h%([C,]) ~ 1 independent lincar cquations, provided we show that Uy # 0
if np and 1 are both non zero. Interpret now, by Hodge theory with twisted flat
coclficients, n, resp. 7' . as conjugates of sections of Q;:' , resp, Q§ @i Byihe
CXUCl sequence

0 —a"(Q)) ¥ @ —Q =), —0
we have
0« H°() — HY Qi@ ) — H(Qg, ®t)

Therefore since R"(0) =0 ,anonzero n' € 1% Q§ = () has non zero image
in HO(QJ,, & ). thus n' docs not vanish on vertical tangent vectors, and this
yields that one cannot have p A n' =0 .

3, A REMARKABLE CURVE INSIDE THE TWISTED BICANONICAL
SYSTEMS

We denote by P, the lincar system |2 K + ¢ . Consider then the morplusm
v, : A— P associating 1o u € A thedivisor C, + €, |, and let A, C P, b
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p3p o, the image of ¢, . A, 18 an ireducible rational curve, since ¥, factors through the
rational involution g, which exchanges u and ¢ — u and defines a map

p-1), v P P,

g We shall now study A, . Before this we prove a lemma which will be also use-
ful later. Notice that ¥ unigquely decomposes as ¥’ o+ (75)°( X)), where every
component of ¥’ dominates §. X s a divisor on S, called the fixed part of
{K}- Weshall write C, = X « M, .and call {M} = {M,},., thc movablc part
of {K}.

LEMMA 3.1, The gencral member of { M) is an irreducible curve, hence Y is
irreducible.

PROOF. Assumc the contrary. Then there exist M, . M, imeducible divisors
and an cffective divisor M’ such thai:

(1) M, + M, + M isalgebraically equivalent 1o M |

(it) M, and M, movc in positive dimensional algebraic systems 4, and
A , which dominate Pic"(8) .

But then forevery ¢ € A, we hind that [ « t| 15 positive dimensional, a
contradiction. In fact forcachcurve M| € 4| wecould indacurve M) € 4,
with M| + M)+ M+ X lincarly cquivalent to K + t. QED.

COROLLARY 3.2, Forany ¢ € A, ¥, is birational; morcover forgeneral L € A,
W, is injective.

PROOF, Let 3 = {u € A|M, is reducible } and let us choose v € A such that
visnotin 3. Assume we have a point v € A such that ¢, (v) = ¥,(v') . Then

2X+ M+ M, =2X+M,+M_,=>M+M =M, +M_,
By the irreducibility of M . M, is acomponentof M+ A, , . Hence cither
v=1" or v=1(- v, which proves the first assertion. The same argument proves

that injectivity holds unless both v and ¢ — v arein 3. Hence ¢ belongs to a
finite sct. This proves the second assertion 100, Q.ED.

We are now able to prove the:

PROPOSITION 3.3, The degree of A, equals the index + of {K}.
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PROOF. Letusset ¥ = (id x g)}*(Y) where £, © 4 — A is the translation
map £,{s) = s+ (., Asone can easily verify computing classes in A x A . we have

Y+ Y )= (7)) 12K + tl @ (=) ([0l & [¢tH*

Let o = of 7, u) beasectionsuchthat ¥V o= div(e) . Thus a(x u)-a{z, t—u)
is a section which represents 3,(u) - We choose z suchthat YUY, — S is éuale
on 1. Then o(x,u) -o(x,! —~ u) has 2¢ simple zeroes u forwhich u # ¢~ u.
This shows that

¢ = (deg A,) - (deg ¥,) = deg A,

by Lemma 3.2, Q.E.D.
PROPOSITION 3.4 For a general ¢t € A, 4, is an embedding.

PROOF. We already know that E, is injective. So we only have to show that
E, has non zero differential at every point. At a point w of P' corresponding to
apoint v € A suchthat v & ¢ — v, this amounts to prove that ¢, has non zero
differential. Letus fix suchapoint v € A . Let morcover © — A be the universal
coveringof A and let u be acoordinate suchthat d /d u is the translation invariant
veetor ficld. A section o suchthat div(a) = ¥ liftsto ascctionon 8§ x © which
by abuse of notation we still denote by oz, u) . There exists an open cover (U}
of § suchthat o on [J, x @ isexpressed by a holomorphic function o (x,u) .
Since, as is well known, any line bundle on 4 x 4 islincarizablecon € x €, one
casily sces, by the definition of the Poincare” bundle, that onc can choose the cover
{U,} such that o satisfics the cocycle condition

(=) oz,u) =a,(2,u)-g,(2) -cxp 2miu- £ (x))
where {gu(x)} isacocycle for [ K] and {l,}(r)) 15 an addinive cocycle which,
being the pull back via a of a gencrator of H'(%,) |, gencrates H'(%,) .

The logarithmic derivative of (+) with respect to u gives the relation

(+=) (log o,(z,u))’ = f,,(x) + (log o,(z,u))’

where, as usual, we denote d f/du by f'. Assume now that the derivative of o,
is zero at v. Then there is a constant A such thal

loz,u) oz, t—u)], = Ao(z,0) -0(x,t —v)
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where with an abuse of notation we identified ¢ and v with some lifis in T . This
amounts to

(log o,(x, W)}, = & + log o,(z,u))y ,

and therefore yields that the functions ( log oz, u) )"‘, areregular: infact v ¥ t—w
in A the fixed partof { K} cancelsoutin the logarithmic derivative and the curves
M, and M, have no common components. Whenee {f,(x)} wms out, by
(++) . tobe acoboundary in H'(¢¥,) . a contradiction.

Consider now a point w ¢ P corresponding 1o v € A such that 2v = ¢
in A. Onc imediately sees that if 2 is a local parameter around w in P’ | then
(dy,/d ), = 0 T ¢,"(v) = 0 . Notice that ¥(v) = 0 because v, factors and
there is ramification a1 v, accordingly with the following computation

o, u) ozt -], =

=o\(T,v) ozt~ vl —afx,v) ozt —v) =0

Therefore (dy,/dz), = 0 yickds the existence of a constant u such that

lox,u) ozt~ ull’, = wolx,v) o z,t —v) = po(z,v)?

that is

2e"(x,v) o (x,v) —o){x,v)?) = pc.[z,v}z

which we write as
o lx,v)fodz,v) = (uf2)+ Icr,'(-x,v),-’n,( v )’

Whence we conclude that (log o,( 7, 4) )I’“ is regular: in fact M isirreducible
since ¢ is general, and if a general point of it were a pole for (log o,(x, u))., then,
by the above relation, we would have a meromorphic function with a pole on the one
side of order at most one and on the other side of order exactly two, a contradiction.
From (=) we derive the same contradiction as before, namely tha {(f,(2)} is
acoboundary in H'(#,) . QED.

We finash this paragraph by introducing a system of curves on S which are
related with the curves A, and will be useful in the sequel. As in the proof of
Proposition 3.3, we define ¥, = (id x g,)*(¥') . where ¥’ ¢ S x A gives the
movable partof {K}. We denote by L] the intersection scheme of ¥* and 1A
on §x A: wenotice that L] is the pull back of a scheme L) € § x P! where
P' = Afe,. Wedefine L, to be the image of L] on § asa cycle.
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We remark that L} is pure of dimension 1 forany t € A.

Furthermore for general £ € A, L] comtains no curve of the form D x {u} : in
fact for ¢ general and forevery u in A, M, and M, have no common com-
ponent. Thus for ¢ general L, s the union of the cycles of variable inlersections
of M, and M, _ as u varicsin A,

We denote by & the degree of the projection of L, ono P Then

Mi=6+y

where o is the sum of the intersection multiplicitics of two general curves in { M }
at the base poims of {M}.

4. THE BICANONICAL SYSTEM IS BASE POINT FREE
In the present paragraph we shall prove the following result:

THEOREM 4.1, If § s a minimal surface of gencral type with pp=9q=1 and
K?* =134 then |2 K| is base point free.

This theorem together with resulis by Francia [Fr], Reider [Re) and Catancse
[Ca), implics the:

THEOREM 4.2, If S is @ minimal surface of gencral type with p, 2 1 then
|2 K| is basc point free.

Before proceeding to the proof, we make the following:

REMARKS 4.3. (i) The fibres of the Albancse map are connected.

(1) Let f: 8§ — B be anirmational pencil of genus & (i.e. B has genus
b>1).Then b= 1, and f isthe composition of the Albancse morphism with an
isogeny A — B whose degree equals the number of connected components of the
general fibee of . This follows by the fact that 5°(Q}) injects into HO(Q))
and by the universal propeny of the Albancse morphism.

(iii) 1f + = 1 then Y7 is by definition birational 10 § and it is easy 1o sce
that it is indeed isomorphic 1o S, By the previous remark (i) and Lemma 3.1 1t
follows that the movable pant {M } of { K} is given by the system of fibres of the
Albancse morphism o .

(iv) Ifthere exists a paracanoaical curve C, contaning a fibre & of o, then
we are in the previous case, since all paracanonical curves contain a full fibre.
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(v) Ifall the fibres of the Alhancse morphism are 2 - connected , then the rel-
ative canonical map is a morphism (¢f, ¢g. [MI], 1, 6.3).
Other casy but uscful facis are given by the following lemmas:

LEMMA 4.4 There is no system of curves on S, parametnized by an elliptic
curve E, without fixed components and such that two general curves of it meet at
one vanable point.

PROOF. The existence of such a system would yicld the existence of a rational
dominant map E'? - & contradicting the fact the S is of general type. Q.E.D.

LEMMA 45, If z € § is a base pount for |2 K + U, it is also a base point for
the paracanonical system {K} (e it belongs o C, forall u ¢ A ),

PROOF. I z is a basc poit for |2 K + t], it belongs to all the curves corre-
sponding 1o points of A, . If z would belong only 1o a finite number of curves in
{ K} . then we would have only a finite number of curves corresponding to points
of A, comaining T, a contradiction. QED.

REMARK 4.6. If x isa basc point for |2 K|, then z lics on the canonical curve
K of § anditisknown to be asimple point for K (see [Fr|, Lemma 3.2), therefore
it is a simple point for the gencral paracanonical curve,

LEMMA4.7. If v =2 and w': § — A'® 15 a rational double cover, then any
fibre of the Albanese pencil is hyperellipue. Moreover if v = 2 and {K'} has no
fixed part then, with the notation introduced at i end of § 3, we have §=2g -2
and therefore K2 = y+ 29 -2,

PROOF, The first asscrtion is trivial. Morcover if ¢ = 2 and { K} has no fixed
part then the paracanonical map w' @ § — A'Y has degree 8. The images of
the fibres F of the Albanese pencil are the fibres £ of 8 - AP — A, and
Wi 1 ' — E P is for F general, a morphism given by a subseries of the
canonical serics of F . Hence the assenion,

QED.

We stant by proving the first part of Theorem 4.1, i.e. the following:

PROPOSITION 4.8. I S is & minimal surface with p, = ¢ = 1 and K* = 3,
then |2 K| s base point free.
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PROOF. The proof will be given through a sequence of auxiliary resulis, some
of them of independent interest. The first is the following:

LEMMA 4.9. Let K2 = 3 ; then the general paracanonical curve of S s irre-
ducible (of arithmetic genus 4 ).

PrOOF, By Lemma 3.1 we have 10 show that the fixed pan X is zero. Since
M? >0, we have

3= Ki=K (X+M =K X+K M=K X+(X+ M M=

K -X4X MeM 2K X+X M

Now X - M > 2 bythe 2-connectedness of the paracanonical curves on S
(sce [Bel, lemma 1),and - X >0 :thereforecither K - X =0 or K -X = 1.

We dispose immediately of the case where £ - X = 0 In fagt we would have
K -M =3, and therefore M? > 0, M? being then an odd number. Since
F=X M+ M wefind X - M=2 and M* =1, against Lemma 4.4.

We can therefore assume K - X = 1. We have

The birst conseguence of these relations is that { M} coincides with the system
of fibres of the Albancse pencil, which is iherefore an elliptic pencil of curves of
genus 2 (see Remarks 4.3).

Secondly we claim that X must be irreducible. Assume the contrary, Let us
thenwnte # = X+ X' where X, 38 the union of all the imeducible components
D of X suchthat X - D=0, Since § s minimal we have that:

(i} X, isaunionof rational (—2)- curves , whichmust be contained in fibres
of the Albanese pencil, thus X - M = 0
(i) X' isan imeducible curve such that

K-X'=1, M-X'=M X=2

First we prove that X, = 0, In fact

-

D=K -Xg=(X4M -Xg=X Xg=0(X+ X)) Xy=X" X+ Xj =

)

ot . R
X -Xy= X5 212
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B (the last inequality holding by the critcrion of Artin-Mumford, sce [BPV], p. 75).
But then

o T=H - X'=(X+ M) X=X X'+ M- X' =(Xg+ X) X' M.xX <

=Ko X'+ X4 M X' 32X 44 X% ¢ 3
Since and so

l = K.x’a ZI,‘(X"’ B 2 o X’l ZZP“(XI)* l :p-(X') b3 0
a contradiction, because X’ would then be a rational curve not contained in fibres

of the Albanese pengil,
So X, mustbe zero, X = X' is imeducible and p,(X) =1.Since X dom-

on § inates A, its geometric genusis 1 hence X is smooth and &y IS an unramihed
= 1 double cover. By the adjunction formula and since {M} = {F}. X intersccts
have F, in a canonical divisor. This divisor, as we saw, consists of two distinet smooth
Since points.

Let us consider the biregular involution a © § — S, which acts on the general
curve Fy (which has genus 2 ) as the hyperelliptic involution. This involution
clearly fixes X and has no fixed poinis on X . Therefore X should have even
sell intersection on §', and this contradicts the fact thar X2 = =1 thus also the
case K- X = 1 is excluded, QED. for49

ysiem

ces of LEMMA4.10. I K2 = 3 then (K} has at mose one single smooth transversal
base point z .

Ll us

nents PROOF.Let 1, ... 2, bebase points of {K} andlet u be.asin§ 3, the sum of
the multiplicities of intersection at Ty, 2, oftwo general paracanonical curves,

fibres sothat | € <3,

If u=73 thenclearly ¢ = 1 and {K'} would consist of the system of Albancse
fibres, a contradiction (sec Remark 4.3, (iii)). Morcover u = 2 is contradicted by
Lemma 4.4,

So we are lefi with the case u = 1, which implics the asserion.  Q.E.D, for
4.10

LEMMA 4.1, Let K* = 3 and sssume {#} has a base point x as in 4.10,

2 Then if y is a general point of S, there is o and only onc point = % y such that

' the set of the « paracanonical curves passing through y coincides with the set of
paracanonical curves passing through z .

"
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PROOF. Let © = C, be a gencral paracanonmical curve, Let us look atthe general
twisted bicanonical system |2 K + ul, u € Pic®(S) of §. Onc has

dim 2K +u|=3
Furthermore, by the exact sequence
0O=[K+u=t] 22K +u] =T (2K +u) —0
and from the genencity of u and ¢, which yiclds
RUSIE+u—th =1, A(SIK+u—-1))=0

we deduce that |2 K + u| cutsouton C a complete, non special, lincar series g2 .
Inside this series we have the rational serics of divisors cut out on € by the curves
of the system A . This ratonal series, intum, has 2 7 asits fixed divisor, therefore
its variable part is a rational serics 4, of dimension 1 of divisors of degree 4 of
C.

Since this 4] is ratonal, it is cenainly contained in a lincar series g} , where
r=lorr=2.1f r=2,C ishyperellipticand the g2 is unique, which would
imply that, o5 4 vancsin A = Pic®(S), |2K + u| cuts out cquivalent series on
C . But if this happens then clearly u, = 7, forany « € Pic”(8) . Looking at
the sequence

0 =]u-Cl—=u—up—0

and taking into account that
WS u-Cn=0, A(SIu-C)=h'(SI2K -u+t])=0

we see this is impossible,

Thus v = 1 and the 4] is actually a g} . Take now y € C a general point on
S and let ¢, ...,C, be the paracanonical curves through gy other than C'. We
denote by y,,...,y, their residual intersection points with € (subtracting T+ y ),
and we want to prove that y, = ... = y, , thereby proving the asscrtion. Let €'
be another general paracanonical curve which does not pass through any one of
the points y;,...,y, . Then we take the unigue paracanonical curves 5, ... C]
such that

C'+C,=C+C3=...=2C+C|
Now all these curves cut out on € the unique divisor of a g] passing through

y. therefore yy,..., 4 havetolicon €'+ €, . But since they do not licon €',
they all lie on €, | i.c. they all coincide with g, . QE.D ford i1,

r—"
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LEMMA 4.12. Ler K? = 3 and assume {K} has a base point z as in 4.10.
Theng= =2,

PrOOFE. In the notation introduced at the end of § 3, we take a gencral curve
L; . By our assumption § = 2 and the contents of Lemma 4.11 can be rephrased
as saying that the rational map w' o xg @ § x P' A" when restricted to
L} , factors through the finite double cover L - P'. Hence [, is a fibre of
the Albancse map. We proved by the way that L, is hyperelliptic, but we shall
soon see that ¢+ = 2 and then g = 2 follows then by Lemma 4.7, since 8 = 2.
Let indeed 7 be a general pointof S, andlet Cy,...,C, bethe ¢ paracanonical
curves passing through . The ¢« — 1 curves C, + C,,... ,C, + C, provide «— 1
distinct curves [, containing 7, therefore 4= 2, QE.D.for4.12.

We concluede the proof of Proposition 4,8 with the following:

LEMMA 413, If e = g = 2 and { K} has no fixed pant, then there are no base
poinis of |2 K| .

PROOF. The canonical serics of an Albanese fibre F is the g} cul out by the
paracanonical system, since F' is not contained in any paracanonical curve.

We claim that a base point z of |2 K| cannot be a smooth point of the Albanese
fibre F' comaining it. In fact, z would be a base point of the canonical series of
F . thus = would belong to a component of F isomorphic to P, which would
be in the base locus of the canonical serics of F (ef. [BC), proposition B), against
our assumplion.

Bul, il z isasingular pointof F the unique holomorphic 1- form on § van-
ishes at x ., henee Lemma 3.5 of [Fr] applics, whence z is nol @ base point of
|2 K|, & contradiction. QED. ford.13 and 4.8,

REMARK 4.14. The argument given above shows that if X7 = 3 then {K}
has a base point z i and only if there is a base point for the relative canonical map
w , in which casc we also saw that g = + = 2 . More precisely then the fibre F
of the Albanese morphism through z is singular at x and has a decomposition
F=F+F swhthat € F,"F,. F-F=1,and F,, F; arethesclore of
anthmetic genus 1.

We tum now 10 surfaces with p. = g = 1, (¥ = 4 and we want to prove the
sccond part of Theorem 4.1, namely:
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PROPOSITION 4,15, If § is @ minimal surface with p,=g=1 and K 1=4
then |2 K| is base point free.

PROOF, As in the proof of Proposition 4.8 we proceed by showing a series of
auxiliary resulls,

LEMMA 416, Lot S be a surface with P, =q=1 and K*=4.:il2K|
has some base point, then the general paracanonical curve of § s irreducible {of
arithmetic genus 5 ).

PROOF, 11 sufficies to prove that { K} has no fixed pant X . There are two cases
10 be examined,

CasE L M? > 0. We cannot have M? = 1 by Lemma 4.4, Thus M2 > 2
and therefore, siice X - M > 2, we have

4=K' =K (X+M)=K X4(X+M -M=K X+X - M+M >4

So

3
.

X - M=2, M'=2, K. X=0, X*==2

and X (supposed to be non zero) is a fundamental cycle (cf. [Bo), p. 176). Morg-
over the system {M} cannol have base points because, in that case, § would
cither posscss an irrational pencil with base points, or we would have a contradic-
tion in view of Lemma 4.4, Thercfore if x is a base point of |2 K| it has 1o lie
on X .and since (2K) - X =0, some component of X would be a hixed com-
ponent for |2 K|, another contradiction in view of Theorem 3.1, (i) of [Fr]. The
conclusion is that X is zero, namely {K'} has no fixed pan

CASEIL M? =0, So {M} coincides with the system of fibres of the Albanese
percil. Then K - M < 4 and thereforecither X - M =2 or K M =4 In
the later case we have K - X = 0,50 X is composed of rational curves which
arc contained in curves of the Albancse pencil. Therefore X - M = 0, against
the connectedness of the paracanonical curves. So we must have X - A = 2 and
therefore

K- X=X M=2 X*=0

Once againwe write X = X+ X, where X, isthe union of the all irreducible
components D of F suchthat K - D=0 ,andwehave ¥ - X' =2
have to discuss three possibilines;

. Now w¢
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(i) X' isimedocible:
(i) X' = X} + X5, wuh X, X3 distinet irreducible curves such that
K-Xi=K -Xj=1;
(i) X'=2X,,with X{ anirreducible curve suchthat K- X0 = 1.
In cither ¢ase we stan from the remark that a base point = of (2 4| hasto lic
on X , and specifically on X’ and not on X, . otherwise |2 K| would have, as
we saw in case 1, fixed components, a contradiction.

SUBCASE (i). Let z € X' be abase pointof (2 K| . By the results of Francia's
we mentioned above (¢f, Remark 4.6 and Lemma 3.5 of [Fr) and by the argument
in step 2 of the proof of Proposition 3.6 of [Fr], x is a simple poimt for X°, and
the curve ¥ = My of {M} passing through 1, has intersection multiphicity 1
with X’ a1 x. Since M - X’ = 2, this mecans that & inferscets X' al z and at
a further poimt y distingt from x .

Furthermore the curves of the Albanese pencil have genus 2, und therefore
there is a biregular involution @ : § ~+ § which fixes the curves of the Albanese
pencil and acting on the general one as the hyperelliptic involution does. Of course
a( X’y = X’ and in panticular a{z) = y. So y,as well as x, is a base point
for |2 K|. Morcover cach curve of [2 K| is e- invariant, because |2 K| cuts out
on the general curve of the Albancse pencil a serics contained in the bicanomical
series, which is still composed with the hyperelliptic involution. This means that
cachpairof a- conjugate poinison X' imposes at most one condition 1o the lincar
series cutout by 12 K on X' Let us now look at this serics more closely. It has
degree (2 K) - X'=4 and dimension

r=R([2KD - 2E =X D —1=4 -k ([K+ X+ M)
wherewewrite K = X'+ X o M wd M € {M} . Consider the exact sequence
0 _'lfl".' X(.l —"lf‘: . l\!" Xﬂ! ""Uu.(Xo] _‘0

Since A"(LK + X, = KO(1 K |) = 1 (this casily follows from Arin’s crite-
rion, because X, is asum of ratonal (- 2)- curves) . we deduce

ROCTK + X+ M1 < RYUE + Xo 1)+ h%(wy{ X)) €
< KUK+ XD+ p(M)=3

(the last inequality follows by M - X, =0)




70 F. Catanese and C. Ciliberte

Then v > 1 inotherwords |2 K| cutsouton X' a gf , with r > 1 and with
two distinct base points x and gy . Therefore » = 1 and the senes is oblaned from
the g} on X' (whichhas genus 2 ) by adding the fixed divisor z+y . Butthis g} ,
as we saw, must be composed and hence coincide with the irrational (elliptic) series
of divisors of order two cut outon X' by the curves of { M } . a contradiction,

SUBCASE (ii). Suppose a base point z of |2 K| lieson X| . We cannot have
M - X, =0 because then X must be contained in some curve of the Albanese
pencil, and therefore by using Lemma 3.5 of |Fr] once again we find a contradictior..

Neither can we have M - X| = 2. In fact this would imply M - X{ = 0,
namely X3 would be contaned in some curve of the Albancse pencil. By the
2 - connectedness of the canomical curve and analysing the decomposition { M +
X))+ (Xs+ X)) of {K}, wewould then have

X (Xp+ X322

Thus

1=K Xj=XP+X, (Xs+ X )+ X, M>X7+4=X"<-3
whence
1=K X} =2p X)) =2 = X2 22p (X)) -2+3=2p(X])+1=

= 2p,(X|) €0

a contradiction, since X dominates A,

Soonchas M -X| =1 ,thercforcalso M- X} = 1, and a base point z on X
viclds the existence of another base point ¢ on X, . Now we may repeat word by
word the argument of subcase (i) which implics thaton X’ = X| + X3 | the system
|z 4 y| isa gé . Therefore X and X should be rational, a contradiction.

SUBCASE (iii). In this case no point of X can be a basc point of |2 K| since it
is a singular point of |K|. Q.E.D.for 4.16.

Letus assume |2 K| hence { K}, has some isolated base points x,...,x, . In

view of the previous Lemma 4,16 we may assume the general paracanonical curve
18 irreducible of arithmetic genus 5, smooth at the points x,, ..., x, , as we are
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going 10 see. Letin fact g be, as usual, the sum of the multiplicitics of intersection
at z,,...,7, of two general curvesin {K}ithus 1 < p <4

I y=4 then s = 1 and { K} would consist of the system of Albanese fibres,
a contradiction; the case x = 3 is ruled out by Lemma 4.4, So we arc beft with the
twocases = 1 and g = 2, which we discuss separalcly.

Thecase uy=1(h=1,x:= 2},

Let € = C, € |K « t| bea genceral paracanonical curve and, as in the proof
of Proposition 4.11, we look at the lincar series g(u) cut owt on C by a general
twisted bicanonical system |2 K + u], u € Pic”(§) . This serics is a complete,
non special, ) and inside it we have the rational series % (u) of divisors cut oul
on C by the curves of the system A, . The fixed divisor of S (u) isexactly 2z,
therefore the movable part is a rational series 1"' - Now we shall prove the:

LEMMA 4,17, (i) The gencral twisted bicanonical sysiem |2 K + u| does not
have T as 3 base poiny;

(i) there are curves of a general twisted bicanonical system |2 K + u| passing
through 1 and having a simple pownt al 1,

PROOF, (i) W stan noticing that a complete, non special, i onanirreducible
curve of anthmetic genus 5 can have, by Olfford’s lemma, at most 2 base points,
and if the bound is achicved then the curve is hyperelhiptic,

Now assume the gencral twisted bicanonical system |2 £+ u| has z as a base
point. Then the base locus of glu) s either x or 2z, in view of the above
remark and since x is the only base pointof { K} . But if the base locus were 21
for gencral w, by Clifford’s lemma all the senies g{w) would coincide, implying
a contradiclion as in the Proof of 4.11. We can therefore assume that for gencral
u € A, 1 isasimple base point of gf u) ; since the index of speciality of g{w) — 2
is 1. there exists a unigue smooth point y{u) such that glu) — z = [K ~ y(u)l
has no fixed points and in particular C is not hyperelliptic. So we get a rational
map f: u € Pic®(8) —+ ylu) € . and this map is not constant, because
glu) Fglu") f uzF v,

On the other hand the fact that f 1s not constant gives a contradiction, because
S would then have a 1 dimensional system of elliptic (or rational) curves, thus S
would not be of general 1ype (see [Bol, p. 206).

(ii) Assume the general twisted bicanonical curve passing through x is singu-
larat z (and in this casc it must have a node at 7, as it is shown by considening
the twisted bicanonical curves which are sums of two curves of {K}.

Consider the subsystem of (2 £ + | formed by all curves passing through T,
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This system cutsouton C a gf contained in g{ w) and consisting of a compiele
serics gp . which we denote by ¢'(u) , plus the fined divisor 2 z ; notice the 9'(u)
has no base points since it contains the movable pan of #(wu),inpanticular (718
not hyperelliptic

Now by ihe Ricmann-Roch theorem the residual of the g'( k) with respect to
the canonical system of C = C, . is a divisof D(u) of degree two. Thus we
have an elliptic 1 dimensional family & of divisors of degree 2 on (7, given by
{D(w)} emedsy - & has no base points on C, as we can see by repeating the
sume argument we alrcady gave before.

Notice that

|Kp— D(u)|+ 2z = gluy+2x= | Ko+ (u =t

therefore

Div)y =2z+ (=)

thus

|

Diu)+ D) =4z+ (2~ u~— u')'g = D(v) + DY)

assoonas u+ u = ve v =w. Since C isnol hyperelliptic, the above divisors
give a complete gs(w) .

We imitate now the argument we gave in the proof of Lemma 4.0 Letusfixa
general point y in C.and let D{u,),. .., D) be the divisors of the series &7
containing yoweput Diu) =y+y,.1= ... h. Wechoose adivisor D(u))
which does not contain g, gy, .-, v, - and ix )., uj, so that

' ’ . '
ul"'hl—u:*UJ—...—uh"‘h.\

We have

D(u,) + D{u}) = D(uy) + Dlwy) = ... = D{u,) + D(w))
and in fact, since a)l the divisors D( uﬁ + D(u!) comain y and are divisors of one
and the same g . they must coincide. Therefore gy .-, 3, belong L0 Diuy) +
D{u}) . and since they do not belong to D(u)) . they do belong 10 D{u, ). i.c.
Y2, ..,y coincide with y; and h= 1. Inother words &7 is an clliptic involution
on C.

Now we have

g'(u) — D{u") = Kg = D{w) — DI u')
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and since |[D{u) + D(u')| isa gi . also |Kp— D(u) = Diu)| isa gL . This
shows that the divisors of & impose only onc condition 10 the series g'(u) , for
every choice of u; in other words g'(u) is composed of ¥ forevery u.

The above yields that if y is a gencral pointofl C and G, ... ,C, are the other
paracanonical curves through y , then Cy .. ,C. also pass through the conjugate
of y in the involution defined by &7 on C.

This statement in tum implies the validity of the following:

ASSERTION 4.18. Let y be a general point of § and let ©,, ... ,C, be the
paracanonical curves through y . Then there is one and only one point = F y such
that z toolicson Cy,...,C,.

This assertion yiclds the existence of a biregular involution ¢ : § — § which
fixes 7 and also fixes all paracanonical curves. In panicularit Jeaves invariant the
intersection of two general paracanonical curves. But these interseet at 4 points,
one of which, z.is fixed by o. This is clearly impossible. QED. for4.17.

Lemma 4.17 implics that for gencral u imposing vanishing of order 2 a7z
the divisors of g(u) gives two conditions.

Look again at the scries 3 (u) now. Since, as we know, #(u) = 21+ Yo
by the previous remark ¥ {u) has to be lincar, in other words the 42 isin facta
complete g} . This observation enables us to prove the:

LEMMA 4.19. Let y be @ gencral point of S, let C,C" be the paracanonical
curves through y . If C' intersects C in z+y+ 2+ 2, then all the paracanonical
curves passing through w cut out on C the same divisor.

A moment of reflection shows that the proof of this lemma can be carried through
with the same argument we use in the proof of Lemma 4.11; therefore we omit it

LEMMAA420. If KP =4 and p= 1, then :=2.

PROOF. As in the Proof of 4.12 we consider the curves Ly and L, . Since Lj —
P' isatriplc cover and § is of gencral type, then L, is irreducible for general ¢
and wrigonal. Lemma 4.19 imphes that the rational map woxg: Sx P A,
when restricied to L} . factors through the triple cover Ly — P' . Hence the curves
L, arc the fibres of the Albancse pencil. Therefore ¢ = 2 (see the proof of Lemma
4.12). QE.D. for4.20.
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We can finally exclude the case g = 1, inview of Lemma 4.7, since we should
have 3= 6& =29 — 2 , acontradiction.

Thecase u= 2 (h < 2). By4.7,4.13 and 4.16 we only need 10 show tha
vm 2,

Let C = C, € |K + t| be again a gencral paracanonical curve and look at the
lincarscnes g(u) cutouton C by a general twisted bicanonical system |2 K+ ],
u € Pic?(8) of §. The series g(u) is a complete, non special, g

Consider also the scrics #( u) . This serics has a fixed pan formed by 2(z, +
x,) ifh=2 orby 4z if h=1 (weput z:= z, inthiscase), its vanable part
being a 4} . Since this 4} is rational, it is cenainy contained in a lincar series gy ,
whereeither = 1 or r= 2 . If r = 2, C is hyperelliptic and the g is unique,
which implies the usual contradiction, since the linear serics g(w) are different,
Thus r = | andthe 4] is a g) . Now the same arguments as in the case g = 1
carry over to prove assertion 4.18, whence the curves [, are the Albancse hbres
and ¢ =2 . QED ford.15,

5, SURFACES WITH LOW INVARIANTS
We stan this paragraph by recalling the resulis of [Ca] giving a compleie de-
scription of the case K2 =2 .

The main remark was made by Bombicni ([Bol, p. 206) o the effect that if
K2 =2, then

LoV

(1) the general paracanomcal curve is irreducible.

To prove this, notice that, with the usual notation, one has
2=K*=K(X+M) =K X+X M=+ M

If X isnonzero,since X M 22, K- X >0, M? >0, onc should have
X - M=2,K X=0, M*=0.Hence {M) should be the Albanese pencil
and K - X = 0 implics that all components of X are contained in fibres of the
Albancse pencil, contradicting M - X = 2,

It is now casy to sce that:

(i) 1=g=2

In fact () yields + > 2 and then ¢ = 2 by Propositions 3.3 and 3 4, Morcover
{K} has no base points by Lemma 4.4, thus Lemma 4.7 implics g = 2 .

Since {X} has no base point (and conscquently |2 K « ¢ is base point free,
by 4.5), then w : § — A™ is a momphism of degree 2.
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Let B be the branch locus of w on A . Since F' has genus 2, and €, has
genus 3, B intersects the fibres E ofthe P'- bundie A — A with multiplicity
6 and the sections 12 (cf. § 2) with muliiplicity 4 . Therefore B ~6D ~ 2 F.

Observe now that the automorphism group of A‘? coincides with Aut( A)
acting naturally on the divisors of degree 2. We see that u € A acts on the
set of classes of algebraically equivalent divisors by E, — E,, . D, — D_, .
Therefore Aut { A) acts transitively on all algebraically cquivalent classes of lincar
equivalence which are not algebraically equivalent to the canonical class {which
is ~ —2D + E). Thus all these surfaces can be obtained by fixing a divisor
L = 3D — E and extracting the square root of an effective divisor B =6D -2 E
with only simple singulanitics.

Now by standard computations onc sees that A°(16 D —2 E]) = 7. Hence by
varying the elliptic curve, onc has a 7- dimensional irreducible family of surfaces
with p, = g=1. K? = 2 ; we refer 10 [Ca], § V. for the proof of the following:

THEOREM 5.1, The moduli space of surfaces with p, = g = 1, K 1 =2 is
irreducible, generically smooth, of dimension 7. Morcover the Albancse morphism
induces an isomorphism of fundamental groups.

REMARK 5.2. The correction 10 @ misprint at p. 282 of [Cal never reached the
primter. Line 7 from the bottom should read: « .. _sections of f{~ comrespond to
sections of Q) (log D) ® QF . Sccondly ... ». Accordingly the last line of the
proof of proposition 22 should be: «.. . We exploit the residue sequence

0 — H'(Q) ®Q}) — H'(Qx(og D)@ QZ) — H (1 Kyxlp)

the vanishing of H*(Q} @ Q3) and H ([ Kylp) .since Ky K =-2.1w0
show the vanishing of H~ ». Notice: in [Cal, A'® is denoted by X and the
branch locus B by D.

Next we turmn o the case where g = 2 . By the basic formula ¢ = g — A, we
have two cases:
(i) g=2.e=1,2=1.
() g=+=2
in both of which w yiclds a double coverovera P'- bundle Y over A . Morcover
an importard information is provided by the following:

PROPOSITION 5.3. /f g = 2 then K =24 v, where v is the numbcer of the
Albanese fibres which arc not 2 - connecied , counted with the appropriate mult-
plicity, If g = 3 and the gencral Albancse fibre is not hyperelliptic, then K* >3,
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PROOF. et 9 = 2 . Let us £0 back 10 the notation of Remark 2.4, (1). Both
sheaves V' oand ¥, are locally free of respective ranks 2 and 3 and enjoy the base
change propenty, We have an injective sheal map Sym (V) — ¥y with cokemel
J owhose stalk J, at ¢ € A is the cokemel of the map Sym’(!{"r_[Kﬁ)] —
HO([2K 1) - Therefore dim J, # 0 if and only if' F, is not 2- connecied (cf,
[MI], Theorem 3.1), The assertion follows by extracting degrees. The case g=3
can be treated similarly., QED

Now we discuss the two cases where g =2,

CASE (1). We know form § 2 that V = & (u) @t (cf, Remark 2.4, (i)), and
¥ =P(VY) isobtained by adding a section al infinity to a linc bundle L = [y'],
where o' = u—t. Ife: ¥V — A= P is the clementary transformation at the
0~ point of the fibre of L over u', then gow = ax Fowhere f isthe rational map
determined by the lincar system [K — (| . As we know by the fact thatif K2 < 3
(see Lemma 4.9 and the above discussion for J2 = 2 } the general paracanonical
curve is irreducible, this case could only occur if K? 24 . Infact (cf. also 5.10)
there is an example by Xiao ([X2], Theorem 29 () with X? =4 |

CASE {ii). Here K7 > 2, Since we alrcady discussed the case K2 = 2 . we
may assume K? > 3. By Proposition 5.3 there are K2 — 2 Albancse fibres
which are not 2 - connected . Since the paracanonical sysiem cuts out the complele
canonical system of the genus 2 fibres., the base locus of {K} consists, roughly
speaking, of the K% —2 base loci of the canonical Systems of the fibres which are
not 2- connected .

Conceming this case we can prove the following:

THEOREM 54, Thecase K> =3 and g = 4 = 2 occurs if and only if {K}
has exactly onc trasversal base poiny, Iying in the only fibre of the Albancse pencil
which is not 2 - connected . Such surfaces are double covers of A® and do in fact
XISt

PROOF. If K¥ = 3 we saw that {K} has no fixed part, Thus if g=t=2
then (K} has exactly one trasversal base point z, and the Albancse fibre through
x decomposes into the sum F = F, + Fy of two curves of arithmetic genus 1,
suchthat Fy NFy = {z}. F,-F, =1.and F* = —1 . for i = 1,2 . Notice that
this is the only Albancse fibre which is not 2 - connected in view of Proposition
5.3. Recall from § 4, that conversely we saw that if {K} has abase point -z, then
g = =2 and we arc in the above situation,
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Consider the rational map w : § —» A'¥ | whose indeterminacy locus coincides
with 7. By blowing 7 up we have a surface S' and a morphism § — A9
which contracts the proper transforms of ¥, and F, (1wo curves of arithmetic
genus 1 and self intersection —2 ) to two elliptic singularitics lying on onc and
the same fibre E of A" — A The branch iocus contains this fibre because w
is injective on the exceptional divisor of 8°. On the other hand since the general
paracanonical curve is irreducible of anthmetic genus 4, we immediately see that
the branch divisor B is algebraically equivalent o 6 D

In order o prove the existence, we seek foracurve B = B'+ E suchthat B8 ~
6 D — E has two ordinary tnple peints on E and no other non simple singulanty.
Then B hastwo ordinary quadruple points cach of which produces a simple clliptic
singularity corresponding to a smooth elliptic curve with self intersection —2 .

We provide now an explicit construction of such an example. Notice that on the
surface A'® there are exactly 3 curves T, , where 1) isapointoforder 2 on A,
algebraically cquivalent 1o —K ~ 20 — E. T, isthe set of divisors u + v such
that u — v = n. Let T =T, be one of these curves and observe thal T intersects
transversally cach fibre E a1 two distinct points which do not lic on the diagonal
of A'?  Thusonce E has been fixed, we denote by x and ¢ the pointis TN E..
Since z and y are not on the diagonal, there are exactly twocurves D, , D, of
the system & = {D,},. 4 through z and analogously two curves Dy, . Dy, g ¢
through ¢ (£ isa 2 wrsion point different from ). Itis casy to check that the
curve B'= T+ D, + D, + D, + D,,,.; has the required propenties since its
singularitics are exactly: two ordinary triple points at x and y and 4 nodes at the
points (+(1+£) , t+(t4Eem, (1++(t+ . (t+ma{te{+n). We
omit the routine verification that, taking the minimal resolution S of the double
covering of A'® branchedon B = '+ E . onc finds the blow up at one point of
a minimal surface with p, = 9= 1, Ki=13. Q.ED,

PROBLEM 5.5. Do the above surfaces with p, = g = 1, Ki=3,g=.1=2
form an irreducible family?

We believe the answer should be positive,
We continue the discussion of the case K* = 3, by obtaining further informa-
uon:

PROPOSITION 8.6, (i) If {K'} has no fixed part and & is odd then the gencral
fibre of the Albanese pencil is not hyperclliptic;

(i) ifg=4,x=0,42>2 anthe gencral fibre of the Albanese fibration
is not hypereliiptic then K2 > 4 ;
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(i) if g = K? =3 then no fibre of the Albanese pencil is hypereliipiic.

PROOF. (i) The hyperelliptic involution on the fibres induces an involution o -
§ — § suchthat o(C,) = C, forany ¢t € A . Since {K} has no fixed part, then
two general curves of (K} intersect at’ & vaniable points which are not fixed by
@ but arc pairwise conjugate in o . Then & must be even, a contradiction,

(i) We have an exact sequence of sheaves on A

0 q.ﬁ‘-‘Syﬂl’V — Vz —o."’—oﬂ
where 57 is a 1orsion sheaf and 5% s locally free of rank
k F =k Sym?V —rk ¥, = [glg+ 1)/2] - 3g - 1)

If g = 4 then 2 isaline bundle and we must have deg % < 0 since |2 Dg |
is empty (sce [CaCi)). We conclude since

deg Sym?V =1+ g, degV, = 1+ K°

(iii) The sheaf map Sym? (V) — V, is now an isomorphism, hence the asser-
tion follows. QED.

THEOREM ST If K? =3 ,then g <3 andif g=3 then 3 =0,

PROOF. By a Theorem by G. Xiao ([X1), Theorem 2)wehave g < 4  Ifg=4 ,
Xiao proves morcover that V' is semistable, hence indecomposable, therefore A =
0, contradicting Proposition 5.6. If g = 3 and 3 #0 ,then ¢« < 2 ,but ¢ > 2 by
Lemma 4.9 whenee ¢ = 2 and by Lemma 4.7 we derive a contradiction, Q.E.D.

THEOREM 58. If g = K* = 3, then w = § — A'™ s a morphism which is
terational onto its imsge, Morcover w is an isomomphism of the canonical model
ol § omto w(S), which is a divisor with at most simple singuaritics in a lincar
system homologous to |4 D — E _ Such surfaces do in fact exist.

PROOF. The first assertion is clear. For the rest of e theorem we referio [CaCi),
Q.E.D.
We conclude with a few problems:

PROBLEM 5.9. Describe the hypercilipiic case: i.e. the case in which the gencral
Albancse fibre 1s hypereliiplic.
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PROBLEM 5.10. Can onc give contruchions of surfaces with ¢ = 2 and large
K*?

Xiao ([X2], Thm. 2.2) proves that then K2 < 6, and gives (Thm. 2.9, (i)) an
example with K72 = 4 (there, in Xiao's wotation. e = 1 and the divisor D, is
empty).

PROBLEM 511, Study the tricanonical map for surfaces with p, = g = 1 (for
K?* =2, the tricanonical image has a double curve with 6 cuspidal points),
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PROBLEM 5.10. Can one give contructions of surfaces with g = 2 and large

K=

Xiao ([X2], Thm, 2.2) proves that then K2 < 6, and gives (Thm. 2.9, (i) an
cxample with K2 = 4 (there, in Xiza's noiation, e = 1 and the divisor D, s
cmpty).

PROBLEM 5.11. Study the tncanonical map for surfaces with P, =9~ 1 {for
K* =2, the tricanonical uiage has a double curve with 6 cuspidal poinis).
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