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ABSTRACT. We show that a minimal surface of general type has a canonical
symplectic structure (unique up to symplectomorphism) which is invariant
for smooth deformation. Our main theorem is that the symplectomorphism
type is also invariant for deformations which allow certain normal singular-
ities, called Single Smoothing Singularities ( and abbreviated as SSS), and
moreover for deformations yielding Q-Gorenstein smoothings of quotient
singularities.

We use then the counterexamples of M.Manetti to the DEF = DIFF
question (whether deformation type and diffeomorphism type coincide for
algebraic surfaces) to show that these yield surfaces of general type which
are not deformation equivalent but are canonically symplectomorphic.

1. INTRODUCTION

The present note takes up again and clarifies part of a previous preprint
([Cat02]), which contained some theorems and some conjecture.

The first Leitfaden was the sketch of a proposal: how to show that some
examples, called ’abc’ examples, yield, when the constants b and a + ¢ are
fixed, diffeomorphic surfaces of general type.

This conjecture was later shown to be true in our joint paper with Wajnryb
[CWO04], thus exhibiting simply connected (minimal) surfaces of general type
which are pairwise diffeomorphic but not deformation equivalent (in other
words, they belong to different connected components of the moduli space).

The proposal was motivated by the fact that the first examples of diffeomor-
phic but not deformation equivalent surfaces, due to Marco Manetti ( [Man(1],
were not simply connected, and one could suspect that their universal abelian
covers (which are compact) could be deformation equivalent.

On the other hand, in [Cat02] it was shown that a minimal surface of general
type S has a canonical symplectic structure (unique up to symplectomorphism)
which is invariant for smooth deformation, and which is called ’canonical’
because its cohomology class is exactly the class of the canonical divisor Kg.

The natural question was then whether two canonically symplectomorphic
algebraic surfaces are deformation equivalent.

We take up here again the negative results of [Cat02] in this direction, which
we had left aside for a while in the hope to be able to prove the stronger result
that the 'abc’ examples are canonically symplectomorphic.
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We change however some proofs. First of all we give direct arguments,
avoiding to resort to the theory developed by Auroux and Katzarkov ([A-K00]).
Secondly, we prove a more general result (than in [Cat02]), which is needed in
order to show that the Manetti examples are canonically symplectomorphic.

The examples of [Man(1] are in fact pairs of surfaces of general type S, S’
which are not deformation equivalent, but which admit respective degenera-
tions to normal surfaces X, X’ with singularities, which in turn are deformation
equivalent to each other via an equisingular deformation.

Moreover, each degeneration yields a Q-Gorenstein smoothing of the singu-
larities.

Manetti used a result of Bonahon on the group of diffeomorphisms of lens
spaces in order to show that the surfaces S, S’ are diffeomorphic to each other.

Here, with a direct proof, more general results are shown to hold true: we
admit first of all deformations with singular fibres which are normal and in the
following class SSS

Definition 1.1. A Single Smoothing Surface Singularity (Xo, xo) is a normal
surface singularity such that the smoothing locus

Y= {t € Def(Xo,z0)| Xt is smooth}
is irreducible (cf. [L-WS&6|, [K-SB8S|, and references therein for examples of

S.5.S. singularities, such as complete intersections, some cusp and triangle
singularities.. ).

Our main technical result is the following

Theorem 1.2. Let X C PV x A and X' C PN x A/ be two flat families of
normal surfaces over the disc of radius 2 in C.

Denote by m : X — A and by ©" : X' — A the respective projections and
make the following assumptions on the respective fibres of m,m':

1) the central fibres Xo and X are surfaces with single smoothing singular-
1ties

2) the other fibres X;, X|, for t,t' # 0 are smooth.

Assume moreover that

3) the central fibres Xy and X{, are projectively equivalent to respective fibres
(Xo 2 Yy and X}, 2 Y1) of an equisingular projective family Y C PN x A of
surfaces.

Set X = X1, X' := X{: then
a) X and X' are diffeomorphic

b) if F'S denotes the symplectic form inherited from the Fubini-Study Kdhler
metric on PV, then the symplectic manifolds (X, FS) and (X', F'S) are sym-
plectomorphic.

The same conclusion holds if hypothesis 1) is replaced by
1’) The singularities of Xy, resp. X{, are cyclic quotient singularities and
the two flat families yield Q-Gorenstein smoothings of them.

An important step in the proof is furnished by the following
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Theorem 1.3. Let Xy C PV be a projective variety with isolated SS singu-
larities. Then X can be approzimated by symplectic submanifolds W, of PV,
which are diffeomorphic to the glueing of the ’exterior’ of Xo (the complement
to the union B of suitable (Milnor) balls around the singular points) with the
Milnor fibres, glued along the Milnor links.

A corollary of the above theorems is the following

Theorem 1.4. A minimal surface of general type S has a canonical symplectic
structure, unique up to symplectomorphism, and stable by deformation, such
that the class of the symplectic form is the class of the canonical sheaf wg =
0% = Og(Kg). The same result holds for any projective smooth variety with
ample canonical bundle.

Remark 1.5. Theorem[LA holds more generally for varieties of higher dimen-
ston with single smoothing isolated singularities.

It also holds under the assumptions
ii) for each singular point xy of Xo, the two smoothings X, X', correspond
to paths in the same irreducible component of Def(Xo, zo).

As already mentioned, for the main application we need to apply Theorem
1.2 under hypothesis 1’) above.

To this purpose we recall some known facts on the class of singulari-
ties given by the (cyclic) quotient singularities admitting a Q-Gorenstein
smoothing (cf. [ManOI], Section 1, pages 34-35, or the original sources
[K-SBRR|, [Mand0], [-W&G]).

The simplest way to describe the singularities

1
ﬁ(lj dna — 1) = Adn—l//JJn
is to view them on the one side as quotients of C2 by a cyclic group of order
dn? acting with the indicated characters (1,dna — 1), or on the other side as
quotients of the rational double point Ag,_; of equation uv — 2% = 0 by the
action of the group pu, of n-roots of unity acting in the following way:

Cyclic quotient singularity

£ € pn acts by : (u,v,2) — (Eu, & 'v,E%).
This quotient action gives rise to a quotient family X — C?, where

X =Y/, , Y is the hypersurface in C* x C? of equation uv—z% = Y- 1t, 2k»
and the action of u, is extended trivially on the factor C%.

The heart of the construction is that ), being a hypersurface, is Gorenstein
(this means that the canonical sheaf wy is invertible), whence such a quotient
X = Y/, by an action which is unramified in codimension 1, is (by definition)
Q-Gorenstein.

These smoothings were considered by Kollar and Shepherd Barron
([K=SBSS§|, 3.7-3.8-3.9, cf. also [Man90]), who pointed out their relevance
in the theory of compactifications of moduli spaces of surfaces, and showed
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that,conversely, any Q-Gorenstein smoothing of a quotient singularity is in-
duced by the above family (which has a smooth base, C%).

Riemennschneider ([Riem74]) had earlier shown that, for the cyclic quotient
singularity $(1,1), the basis of the semiuniversal deformation consists of two
smooth components intersecting transversally, each one yielding a smoothing,
but only one admitting a simultaneous resolution, and only the other yielding
smoothings with Q-Gorenstein total space.

Remark 1.6. To conclude the above discussion, assume follows that hypothesis
1) in Theorem [LA is replaced by the weaker hypothesis 1°). Then we consider
singularities having more than one smoothing component, but we consider only
smoothings in a fized irreducible smoothing component..

As already mentioned, Manetti ([Man01]) produced the first examples of
(an arbitrarily large number of, as was also achieved in [CW04]) surfaces of
general type pairwise not deformation equivalent, but pairwise diffeomorphic.

His examples are based on a complicated but very ingenious construction of
Abelian coverings of rational surfaces with group (Z/2)™, leading to families
X, X" as in Theorem 1.2, since the two families induce smoothings of cyclic
quotient singularities which are Q-Gorenstein. Whence follows right away

Theorem 1.7. Manetti’s surfaces (Section 6 in [Man01l]) provide examples of
surfaces of general type which are not deformation equivalent, but, endowed
with their canonical symplectic structures, are symplectomorphic.

2. PROOF OF THE THEOREMS

Proof. (of Theorem [T.2])

Let us recall the well known Theorems of Ehresmann ([Ehr43]) and Moser
([Mos65])

Theorem 2.1. (Ehresmann + Moser) Let m : X — T be a proper submer-
sion of differentiable manifolds with T connected, and assume that we have a
differentiable 2-form w on X with the property that

(*)Vt € T w := wl|x, yields a symplectic structure on X; whose class in
H?*(X;,R) is locally constant on T (e.g., if it lies on H*(X;,Z)).

Then the symplectic manifolds (X, w;) are all symplectomorphic.

Henceforth, applying the lemma to 7" := A — {0}, and to the restrictions of
the two given families X', X', we can for both statements replace X by any X,
with ¢t # 0 sufficiently small, and similarly replace X’ by any X}, with ¢’ # 0.

In other words, assuming Xy, X C PV, we may assume that X and X' are
very near to Xy, respectively X{.

Since the family ) is equisingular, to each singular point xy € Sing(Xy)
corresponds a unique singular point z{, € Sing(X()(indeed Xy, X{, are homeo-
morphic by a homeomorphism carrying zo to xj).

For each xy € Sing(Xy), m induces a germ of holomorphic mapping F, :
A — D,, C Def(Xy,xo), where D, is the smoothing component; respectively,
for zf, € Sing(Xy) the corresponding singular point, 7’ induces a germ F! /-
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Let Z,, C D,, x PV be given by the restriction of the semiuniversal defor-
mation of the germ (X, x), and, for each ¢t € A, consider the corresponding
singular point yo(t) € Y; (thus yo(0) = zo,y0(1) = x3), and the semiuniversal
deformation of the corresponding germ (Y3, yo(t)).

We obtain in this way a family of pairs of germs,
y(I)CZ()CDQX]P)NﬁD()CAXCm,
where ) is the family of germs (Y}, yo(t)), induced by V.

Our assumption, that each Dy, is irreducible, implies immediately the
irreducibility of Dj.

For each 0 < e << 1,0 < n << 1 we consider the family of Milnor links

Kep = UlCe (1) := Ue[Z0 N ({t} x B(0,€) x S(yo(t),n))]

where B(0,¢) is the ball of radius ¢ and centre the point 0 € D, ) corre-
sponding to (Y;,yo(t)), while S(yo(t),n) is the sphere in PV with centre y,(t)
and radius 7 in the Fubini Study metric.

It is well known that, for n << 1 and € << 5, the family K., — ((A x
B(0,¢€)) N Dy) is differentially trivial (either in the sense of stratified sets,
cf. [Math70], or, as suffices to us, in the weaker sense that when we pull it
back through a differentiable map A — (B(0,¢) N D,,) we get a differentiable
product).

We use now, to prove statement a), a variant with boundary of Ehresmann’s
theorem

Lemma 2.2. Let 7 : M — T be a proper submersion of differentiable mani-
folds with boundary, such that'T' is a ball in R™, and assume that we are given
a fized trivialization 1 of a closed family N — T of submanifolds with bound-
ary. Then we can find a trivialization of m : M — T which induces the given
trivialization .

Proof. 1t suffices to take on M a Riemannian metric where the sections ¢ (p, T'),
for p € N, are orthogonal to the fibres of 7. Then we use the customary proof of
Ehresmann’s theorem, integrating liftings orthogonal to the fibres of standard
vector fields on 7. O

Proof of a): we apply lemma 2.2 several times:

e i) first we apply it in order to thicken the trivialization of the Milnor
links to a closed tubular neighbourhood in the family Z,

e ii-a) then we apply it in order to get a compatible trivialization of the
family of exteriors in Y; of the balls B(yo(t),n/2)

e ii-b) then we apply it to the restriction of the families X — A,
X’ — A, to a ball of radius § where 0 is so chosen that Fj, ({¢| |t| <
0}) C B(0,¢/2) (resp. for F, ), and to the exterior of the balls
B(zo,m/2)resp. B(xy,n/2), so that we get compatible trivializations
of the exterior in X to the balls B(zg,7n/2), resp. in X’ to the balls

B(xg,1/2)
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e iii) we finally use our assumptions that the images of I} , resp. Fy,
land in Dy which is irreducible: it follows that there is a holomorphic
mapping G : A — D, whose image contains the two points Fy, (o),
Fa’06 (t;) and is contained in (A x B(0,€¢/2)) N Y ( X being as before the
smoothing locus).

We consider then the pull back to A under G of the family of closed
Milnor fibres

My = UMey(t) := Ui[Z0 0 ({1} x B(0, €) X B(yo(t), n))].

To this family we apply again 2.2, in order to obtain a trivialization
of the family of Milnor fibres which extends the given trivialization on
the family of (closed) tubular neighbourhoods of the Milnor links.

We are now done, since we obtain the desired diffeomorphism between X
and X’ by glueing together (in the intersection with B(xq, n)— B(x,n/2), resp.
with B(xy,n) — B(xy,n/2) ) the two diffeomorphisms provided by the restric-
tions of the respective trivializations ii) (to the intersection of the complement
to B(xo,n/2), resp. B(x(,n/2)) and iii) ( to the intersection with B(z,n),
resp.B(xy,n) ): they glue because they both extend the trivialization i).

Step I in the proof of b. We want to use the previous construction
and considerations in order to construct a family of differentiable embeddings
of the same differentiable manifold V' = X = X’ into PV, which includes the
embeddings X and X’. We shall later show in step II that we can manage that
every fibre inherits a symplectic structure from the Fubini-Study form and we
can then finally apply Moser’s theorem.

First of all, observe that V is obtained from X by writing X as the glueing
of two manifolds with boundary, namely the union M of the Milnor fibres, and
the ’exterior’ of X, i.e., the closure & of the complement X \ B (B = union of
the Milnor balls B(zo,n)), which both have as boundary the union K of the
Milnor links.

We consider now the product V x [—1,1] and we first map it to PV x
[—1,1] via the product of a piecewise differentiable map ¢ and the second
projection. Later on we shall approximate ¢ by a differentiable map ¢ which
is an embedding when restricted to each fibre.

The key idea to construct 1 is to make a little bit longer the neck around
the Milnor link, and to use the trivialization of the family of Milnor links and
of Milnor fibres.

We define v, for —1 < s < —% on & by using a path 7(s) in D,, from the
point ¢ corresponding to X, and reaching the origin (Xj) for s = —%: thus
t := 7(—1), and 0 := 7(—3). We map then the exterior £ to the exterior of
X, (r(s))» we do a completely similar operation for % < s <1 (thus, for s =1

€ maps to the exterior of X’).

Instead, for —% <s< %, we use a path v(s) in the parameter space for the
family ), and map the exterior £ to the exterior of Y, ().

For the interiors, i.e., the Milnor fibres minus a collar C, we send them to
the Milnor fibres corresponding to a path o(s) in Dy connecting the points
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F, (t), F 926 (t') corresponding to X, respectively to X’. We require of course

that the first projection of o(s) onto A equals v(s) for —3 < s < 1, while for
—1 < s < —1 the first coordinate of o(s) equals 0, similarly for £ < s <1 it
equals 1.

Finally, we use the collar and the trivialization of the Milnor links to join
the boundary of the Milnor fibres with the boundary of the exterior.

We have now, for each s, a map 1, which is a differentiable embedding in
the exterior Vs, while it is an embedding for s = —1, +1.

Without loss of generality we may assume that N > 4, else there is nothing
to prove, and we indeed may assume N > 5 by choosing if N = 4 the standard
embedding P* — P°.

We obtain the desired family of embeddings ¢; by applying the following
variation of Whitney’s embedding theorem

Lemma 2.3. Let W be a differentiable manifold with boundary of dimension
k, and let ¢p : W — R"™ be a continuos map which is a differentiable embedding
around the boundary OW .

Ifn > 2k+1, then ¢ can be approximated by an embedding ¢ which coincides
with 1 in a neighbourhood of OW .

Proof of the Lemma First of all, by a standard convolution process, we can
approximate 1 by a differentiable map ¢ : W — R" which coincides with ) in
a neighbourhood of OW.

After that, we construct a differentiable map f : W — R™ which equals
zero in a neighbourhood of OW, and is such that ¢ ® f : W — R" @ R™ is an
embedding.

After that, we construct ¢ composing ¢ @ f via a sufficiently general pro-
jection R” @& R™ — R™ close to the first projection of the direct sum.

O

We are not yet finished with the proof of b), because we have that the pull
back w of the Fubini Study form is non degenerate on the exterior of the Milnor
balls, and in the interior of the Milnor fibres, but it could be degenerate in a
neighbourhood of the collar of the Milnor link K.

The procedure to obtain nondegeneracy everywhere will be now given while
proving Theorem

Proof. (of Theorem [[3) Without loss of generality, and to simplify our
notation, assume that X, has only one singular point zy, and let B := B(xq, n)
be a Milnor ball around the singularity, let moreover D := D,, C Def(Xy, zo),
and, for t € DN B(0,€) we consider the Milnor fibre M, (t), whereas we have
the two Milnor links

Ko := XoN S(xg,n) and Ky := Z, N S(xg,n — )

We can consider the Milnor collars Cy(0) := Xo N (B(xg,n) \ B(xg,n — 9)),
and C;(9) := Z, N (B(xg,n) \ B(xo,n —9)).
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We restrict now ¢ to vary in a holomorphic disc A mapping to a path through
the origin and intersecting the complement of the smoothing locus ¥ only at
the origin.

Now, with this restriction, the Milnor collars fill up a complex submanifold
of dimension dimXy+1 := n—+1, and we ’join the two Milnor links’ by a differ-
entiable embedding of the abstract Milnor collar (i.e., Cy(d) as a differentiable
manifold maps in such a way that its boundary maps onto Co U K;).

For ¢ << ¢ the tangent spaces to the image of the abstract Milnor collar
can be made very close to the tangent spaces of the Milnor collars M. ,(t),

and we can conclude the proof via the following well known lemma which lies
at the heart of Donaldson’s work ([Don96-2])

Lemma 2.4. Let W C PV be a differentiable submanifold of even dimension
2n, and assume that the tangent space of W is close to be complex in the sense
that for each tangent vector v to W there is another tangent vector v’ such that

Juo=1v"+u,|u| < |vu|.

Then the restriction to W of the Fubini Study Form wps makes W a sym-
plectic submanifold of PV.

Proof. Let A be the symplectic form on projective space, so that for each
tangent vector v we have:

[v]?2 = A(v, Jv) = A(v,v') + A(v, u).
Since |A(v,u)| < |v|?, A(v,v’) # 0 and A restricts to a nondegenerate form.
U

Q.E.D .for Theorem

Remark 2.5. By Moser’s theorem the symplectic manifolds W, are symplec-
tomorphic to each other.

Step II in the proof of b.

We apply the same method used as in the proof of Theorem [[3 i.e., when we
apply the 'relative’ Whitney theorem to glue the Milnor fibres corresponding
to points o(s), we choose |o(s)| < €, |Fy,(t)] < ¢, \F;(,)(t’)| < € and , using
the compactness of the interval [—%, +%], there exists € so small such that the
tangent spaces of the submanifolds W are close to be complex, hence the W,
are symplectic submanifolds.

Then Moser’s theorem gives the symplectomorphism of X with X’.
Q).E.D .for Theorem

Proof. (of Theorem [[L4) Let S be the minimal model of a surface of general
type.

The assertion is rather clear in the case where we have more generally a
smooth projective variety V' whose canonical divisor Ky is ample.

In fact, let m be such that m Ky is very ample (any m > 4 does by Bombieri’s
theorem, cf. [Bom73| in the case of surfaces, for higher dimension we can use
Matsusaka’s big theorem, cf. [Siu93] for an effective version) thus the m-th
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pluricanonical map ¢, := ¢k,| is an embedding of V' in a projective space
PPm=1 where P, := dimH°(Os(mKy)).

We define then wy, as follows: wy, := ~¢% (FS) (where F'S is the Fubini-
Study form ﬁ@5l0g|2|2), whence w,, yields a symplectic form as desired.

One needs to show that the symplectomorphism class of (V,w,,) is indepen-
dent of m. To this purpose, suppose that n is also such that ¢, yields an
embedding of V: the same holds also for nm, whence it suffices to show that
(V,wm) and (V,wp,,) are symplectomorphic.

To this purpose we use first the well known and easy fact that the pull back of
the Fubini-Study form under the n-th Veronese embedding v,, equals the n-th
multiple of the Fubini-Study form. Second, since v,, o ¢,, is a linear projection
of ¢nm, by Moser’s Theorem follows the desired symplectomorphism.

Assume now that S is a minimal surface of general type and that Kg is
not ample: then for any m > 5 (by Bombieri’s cited theorem) ¢,, yields an
embedding of the canonical model X of S, which is obtained by contracting the
finite number of smooth rational curves with selfintersection number = —2 to a
finite number of Rational Double Point singularities. For these, the base of the
semiuniversal deformation is smooth and yields a smoothing of the singularity.

By Tjurina’s theorem (cf. [I7u70]), S is diffeomorphic to any smoothing S’
of X: however we have to be careful because there are many examples ( cf.
e.g. [Cat89]) where X does not admit any global smoothing.

Since however there are local smoothings, Tjurina’s theorem tells us that S
is obtained glueing the exterior X \ B (B being the union of Milnor balls of
radius 7 around the singular points of X') together with the respective Milnor
fibres.

Argueing as in theorem [[3 we find a symplectic submanifold W of projective
space which is diffeomorphic to S, and by the previous remark W is unique
up to symplectomorphism. Clearly moreover, if X admits a smoothing, we
can then take S’ sufficiently close to X as our approximation W. Then S’ is
a surface with ample canonical bundle, and, as we have seen, the symplectic
structure induced by (a submultiple of) the Fubini Study form is the canonical
symplectic structure.

The stability by deformation is again a consequence of Moser’s theorem.
O

Proof. (of Theorem [[7) In [ManOI] Manetti constructs examples of sur-
faces S, S’ of general type which are not deformation equivalent, yet with
the property that there are flat families of normal surfaces X C PV x A and
X' PV x A

1) yielding a Q-Gorenstein smoothings of the central fibres X, X,

and such that

2) the fibres X;, X/, for ¢,t' # 0 are smooth, and the canonical divisor of
each fibre is ample

3) there are ¢, t, with S = X,,, S’ = leé
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4) there exists an equisingular family ) — A whose fibres have indeed only
singularities of type i(l, 1), and such that Yy = X, Y1 = X|.

There exists therefore a positive integer m such that for each X; and X,
the m-th multiple of the canonical (Weil-)divisor is Cartier and very ample,
and therefore the relative m-pluricanonical maps yield three new projective
families to which 1.2 applies.

By 1.2 and 1.3 it follows that S and S’, endowed with their canonical sym-
plectic structure, are symplectomorphic.

O
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